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Abstract: The surplus model is established, and the distribution of prime
numbers are solved by using the surplus model.
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1. SURPLUS MODEL

In the range of 1 ~ N, rq represents the quantity of numbers which do not contain

a factor 2, r; =[N - 5] ([x] is the largest integer not greater than x); ro represents

2
; T3 represents

the quantity of numbers which do not contain factor 3, ro = [ry - 5]7

the quantity of numbers do not contain factor 5, r3 = [rg - 5],

In the range of 1 ~ N, r; represents the quantity of numbers which do not contain
factor p; , the method of the surplus numbers r;_1 to r; is called the residual model
of related distribution of prime numbers.

In the range of 1 ~ N, excluding all multiples of prime numbers which are not
greater than M (M < N), then r is the surplus number. For the factor that

rM rM . .
[W] <'r, so there are at least [W] related primes in the range os M.
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2. RELATED DISTRIBUTION OF PRIME NUMBERS
2.1. Distribution of Prime Numbers

Exclusion the multiples of 2, 3, 5 in natural numbers, the rest numbers can be
categorized as eight numeric axes: A, By, As, Bs, A7, By, Ag, By (Axis A: 3n+2,
axis B: 3n+1).

On number axis (A-axis or B-axis), 1o represents the quantity of numbers which

do not contain factors 2, 3, 5, 7, rg = [==- N]; r1 represents the quantity of numbers

35
—1
which do not contain prime factor Py (Py > 7), r1 = [ro - n ]; 72 represents the
D1
) . . . p2—1
quantity of numbers which do not contain prime factor Py, ro = [ry - ]; ...
b2

pi—1

].
i
The method of the surplus numbers r;_1 to r; is called the surplus model of

distribution of prime numbers.
S, is the quantity of prime numbers in the range of N, make M = p2, by

T = [ri-1-

p—1 M pn—1 p2
— [ . fiutink QU SR R 1
Sn [Tn 1 D N] Tn—1 P N] ( )
Pn—1 — 1 p2_
Sp-1=[[rn—2- ﬁ] ?Vl]- (2)
We can obtain
(Pn — L)pn
Sp = |—=——" 1],
[ p%—l 1]
8% 10 x 11 8 _pi—1 poqi—1
here 1 = [————]=25. (rp_1=[...[—=- N ... .
where $1 = [— g = 25. (1ot = [l - NP P )
i — 1)pi i — 1)pi
For the fact that v 5 Jp > 1, so {[(]927)10 -Sic1]} (6 = 1,2,...,n) are
Piq i—1

ascending series in which all numbers are not less than 25. Therefore, lim S,, = oo,
n—oo

there are infinite prime numbers in natural numbers.
2.2. Distribution of Primes in Arithmetic Series
S(a,r) is the quantity of prime numbers which have the form an+r((a,r) = 1), then

Sn n\n — 1
)= = [pw((f)pil)

: Snfl]a

where S1 = 25. (¢(a)) is Euler function of a.)
a is a constant, ¢(a) is a constant. There are infinite prime numbers which have
the form an + r((a,r) = 1).
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2.8. Distribution of Prime Numbers Between n* and (n + 1)?

Make n? = p2, (n+1)? = (p, + 1)?, then S/, is the quantity of prime numbers in
the range of (p, + 1)2,

G (pn+1)(pn+1_1)_S]
n p% n .
nw+ D(p,+1—1 S
Lt Jn) = 50/ = 8, = [P ELZD g ) = (22, ere s, =
25.
n — 1 n—1 — 1 n—o — 1 —1 i — 1
For f(n) = (L= DyPo1 =V P2 = 1), (P2 _ ) g ) and B2ty
Pn—1 Pn—2 Pn-3 V4 Pi—1

Then lim f(n) = occ.
n—oo
The quantity of prime numbers between n? and (n + 1)? are increasing along
with the increasing of n. In a small range, there is at least one prime number
between n? and (n+ 1)2. Therefore, there is at least one prime number between n?
and (n + 1)%; and the quantity of the prime number are increasing along with the
increasing of n.

2.4. The Interval Between Primes p;_1 and p;

During the distribution of prime numbers,

n n — 1 n—1 — 1 -1 -1
S, = p (p )[(p 1 )[._.[ps [p2 AM)
Pn—-1 Pn-2 Pn-3 D1 D1

Let p; — p;—1 be the average interval between two primes p;_; and p;, then in
the range of p2,

DA DPn o Pn p2 (P pi
Pi —Pi—1 = g =

—1... > 1.
o D1 Pn—1—1 T'pp—1°51"777 p—1

and lim p; — p;_1 = oo.
n—oo
There is no maximum value of the average interval between primes p;_1 and p;.
Therefore, the maximum value of the average interval between primes p;_; and p;
tends to infinity.

2.5. Distribution of Twin Primes

On number axis pair (41 — B or A7 — By or Ag — By), 1 represents the quantity

of numbers which do not contain factors 2, 3, 5, 7, ro = [— - NJ; 1 represents the

14

-2

quantity of numbers which do not contain factor py, r1 = [rq - h ]; r2 represents
1

. . . p2 —2
the quantity of numbers which do not contain factor po, ro = [ry - J;eee i =
P2
pi —2
[7’7;_1 . ! }
bi
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The method of the surplus numbers r;_1 to r; is called the surplus model of
distribution of twin primes.
L, is the quantity of twin primes in the range of N, let M = p?, by

Pn — 2 M Pn — 2 ng
L, =[rn_1- S [ PO 6 4
ras - P2 = e - 22 3)
Pn—1— 2 Dh_
Lp—1={[rp-2- npni,l] ]Lvl]- (4)
We can obtain that
(Pn — 2)pn
Ln [ pifl : Ln—1]7
11x9 1 p1—2 ppo1—2
where L1 = | 11 1=7. (rp—1 = [[ﬁ]\f} S ]...] P D).
i — 2)pi i — 2)D; .
For the fact that @27)]) > 1, so {[@QJ-Li_l]} (i = 1,2,...,n) are
bi—1 i—1
ascending series in which all numbers are not less than 7. Therefore, lim L, = oo,

n—oo
there are infinite twin primes in natural numbers.

2.6. Distribution of Twin Prime Numbers Within Ten

There are two pairs of twin prime numbers within 10, these two pairs of twin prime
numbers are called twin prime numbers within ten. For example, 11, 13, 17, 19 are
twin prime numbers within ten.

On number axis pair (41 — Bs — A7y — By), 7o represents the quantity of numbers

1
which do not contain factors 2, 3, 5, 7, 1o = — - N; 1 represents the quantity of
70
—4
numbers which do not contain factor py, r1 = rg - h ; T2 represents the quantity
Y41
. . p2—4 pi —4
of numbers which do not contain factor ps, ro =7y - e Ty =T .
p2 2

The method of the surplus numbers r;_1 to r; is called the surplus model of
distribution of twin prime numbers within 10.
T,, indicates the quantity of twin prime numbers within 10, let M = p2, by

-4 M —4 p?
B ey B B (5)

Tn:n—'
TN pn N

DPn—1— 4. i
Pn—-1 N .

Tnfl =Tn-2"

We can obtain that
—4
7 — Pn : )p”~Tn71,
pn—l
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11 x7 1 p1—4 Pn—1—4
h T, = ~1.10. (rp—1 = =—-N - . B
where T} =0 (rp—1 =0 o o ). By
g _ PoPn—=4) pro1(Puo1 —4) Pooa(Pa-2 —4) pap2 —4)
= ) . - T
pghl p%ﬁz p%,g p%
_ P o) oo —4) ps—d 4
— ) ) . T
Pn—1 Pn—2 Pn—3 p1 p1
p3—4 p2—4 Di —

For the fact that Ty > 1, >1(i=4,..,n)so lim T, = oo,

b1 b1 Dbi—2 n—o0
there are infinite twin prime numbers within 10 (For example, 36 pairs in the range

of 10°).
2.7. Distribution of n®> + 1 Prime Numbers
Lemma 7.1 4(mp+10z)2+1 = 4(mp—10x)%2 +1 (modp), where p is an odd prime.

Proof.
4(mp +10z)? +1 — 4(mp — 102)* — 1 = 16map.

O

Lemma 7.2 If x £y # 0 (mod p), then 4(mp + 10x)? + 1 # 4(mp + 10y)? +
1 (mod p).

Proof.
4(mp +102)% + 1 — 4(mp + 10y)? — 1 = 80mp(x — y) + 400(z + y)(z — y).

Because 400 and x 4y mod p are not of congruence, then this Lemma is proved.

O

n? 4 1 is a composite number when n is odd; let n = 2¢ when n is even, g is the
units digit of . n? + 1 is a multiple of 5, when n? +1 =4t> +1, g = 1,4,6,9. And
g=2,3,5,7,8,0 when 4t? 4+ 1 is a prime number.

(4n? +1,4n + 3) = 1, denote the prime numbers with the form 4n + 1 by ¢;.

Theorem 7.1 On the number axis 4¢? + 1, there are two multiples of ¢; at every
q; distance.

Proof. By Lemma 7.1, Lemma 7.2 know, 4t + 1 number axis appear multiples of
the g;, distributed 4(mg;)? + 1 into a center of symmetry.

For example, there are two numbers which are multiples of 13 at every distance
of 13 on 4(10k + 2)2 4+ 1 number axis, shown in Figure 1.

Therefore, the surplus model of distribution of n? + 1 prime numbers on number
axis 4(10k + 2)2 + 1 is similar with that of distribution of twin prime numbers
on number axis A; — Bs, and the trend is similar too. As a result, there is no
maximum value of twin prime number in natural numbers, and there are infinite
prime numbers which have the form n? + 1.

100



Song, K./Studies in Mathematical Sciences, 6(2), 2013
4-22 41 412241 4-2224+1 4-322+1 4-422+1 4-522+1 4-622+1
\ ! ! ! ! ! !
4 5 0 2 11 1 (center) 11

4-72241 4-822+1 4-9224+14-1022+1 4-1122 +1 4-1222 +1 4-1322+1
L | | | | | |
2 0 5 4 10 10 4

4.1422 +1 4-1522+1 4-1622+1 4-17224+1 4-1822+1 4-1922+1
[ | | | | |
5 0 2 11 1 (center) 11

Figure 1

Note: Numbers 4, 5, 0, ... shown below the axis are the remainders of 4(10k + 2)2 + 1 divided by
13. O

2.8. Distribution of Prime Triplet

If p;, pi + 2, p; + 6 are all prime numbers, then these three-digits group is called a
prime triplet.

4
On number axes group (A; — B3 — A7 or A7 — Bg — A3), similarly, rg = [ﬁ NJ;
p1—3 p2—3 |

J;r2 =
P P2 i
The method of the surplus numbers r;,_1 to r; is called the residual model of

distribution of prime triplet.
E,, is a prime triplet in the range of N, let M = p2, by

pi — 3

7"1:[7"0' ]; TZ‘:[’I"ifl‘

Pn — 3 M Pn — 3 p%
El == —_1 - — = 1 - —.
n [rn 1 Dn N] [Tn 1 Dn N] (7)
Pn-1— 3,02,
E,_1=]rno - — . 8
1= [fraa - P P (8)
We can obtain that
Pn — 3 Pn
En = [( P ) ‘En—l]a
pn—l
4x11x8 4 p1—3 pn,1—3
here B = [———] =3. (rp_1=[...[—- .
where By = [0 =3 (ract = [olqgs - NP5
i — 3)pi i — 3)Di
For the fact that (1027)]7 > 1, so {[u - Si—1]} (1 = 1,2,...,n) are

Pia i—1
ascending series in which all numbers are not less than 3. Therefore, lim F, = oo,
n—oo
there are infinite prime triplets in natural numbers.

2.9. Primes Distribution of n®> —n + p; Primes

2

Lemma 9.1 There are only d residual classes in n® — n for odd prime p.
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Proof. n=1, (p£1)(p£0) =0 (mod p);

n=2 (p£2)(p£1)=2x1 (mod p);
n=3,(px3)(p+2)=3x2 (mod p);

p—1 p—1 p—3 p—1 p-—3

=— +—)(p=* = d p);
n=—— P =)t —5-)=—75—x—— (mod p);

_p+1 p+1 p—1. p+1 p-1 )
n=—— Pt —")p*—5-)=—5—x—— (modp);

_p+3 p+3 p+1, p+3 p+1  p—-1 p-3
n=— , (px 5 )(p + 3): g X T = T X +2p =
1 p-3

pTxpT(modp);
) p+3 p—1
That is f(T) = f(——) (mod p). Let f(n) = (pxtn)pt(n-1) =

n(n —1) (mod p);

p+1+2t p+1+4+21t—1) p+1-2t+4t p+1-20t+1)+4t
X = X
2 2 2 2
p+1—2t p+1-2(t+1) p+1—2t p+1-2(t+1)
= X X
2 2 2 2

+ 2tp =

(mod p).

p+1+2t p+1—2t

5 )
p+1 p—1 .
Therefore, there are only 1 x 0, 2 x 1, ... , — g different residual classes

2

That is f(

Il
=

in n® — n for prime p. O

0<n<N,n?2—n+ p; are all prime numbers, the first three numbers must be
prime triplet, and p; must be on A; (or A7) number axis.

pi+1

Lemma 9.2 Let n? —n = ro (mod p;), A; number axes residue class are

no longer make proposition holds.

Proof. Let a € A1, a =71 (mod p;), r1 =0,1,....,p;—1.

5 pi+1
n® —n =79 (mod p;), then by Lemma 9.1, 7o = 0,2,6, ..., 5

If r1 +72 =0 (mod p;), then a+7r2 =0 (mod p;), a + ro is a composite number.
Any number in ro can make r; + 79 = 0 (mod p;) established, then a + r9 is a

composite number.
O

1
Similarly, rg = [g NJ; surplus numbers (with the quantity of rg) divided by p;

respectively residual 0,1, 2, ..., p1 —1. n?—n divided by p; have different residue class,

+1 +1 -1
by Lemma 9.2, p; exclude [rg - h | numbers, 7 = 19 — [ropl | = [ropl l;
D1 2p1 2p1
-1
ro represents the numbers which do not contain factor ps, ro = [rq - p22 .
P2
i = [riey - E}
[ i—1 2pl .
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The method of the surplus numbers ;1 to r; is called the residual model of
distribution of n? — n + p; prime numbers.
Q. is a proposition holds the number of the N-range, let M = p?, by

o Pn — 1 M o Pn — 1 pqzz
Qu=lror- B = - 5= 20 ©)
Pn—-1—1 pi,l
-1 = ||lrn— . 10
Quot = [frn-a - Y (10)
We can get:
(pn l)pn
Qn = . Qn— )
[ 2],)27‘71 1]
11 1 P1— 1 Pn—1 — 1
where Q1 = [7] =1 (rp_1 = [[£ ] o ]... ;pnil ]). and then

Based of Bertrand assumption, there is at least one prime between n and 2n and
at least one prime between 2"~ and 2". When n > 12 (p12 = 53),

2
b; . pi —1
— <1, (1 >12),

A (i212) Di

Thereby, lim @, = 0.
n—oo
There are infinitely primes p; when N = 2,3; all n? — n + p; are primes when
0 < n < N; only some special natural numbers N when N = p; —1; all n? —n-+p; are
primes when 0 < n < N. The greater N is, the smaller possibility the proposition

holds. Therefore, there are only 6 primes (p; = 2,3,5,11,17,41) that make the
proposition hold.

<1, t=12,..,n).

REFERENCES

[1] Hua, Loo-Keng. (1979). An introduction to number theory (In Chinese).
Beijing: Science Press.

[2] Song, K. (2007). Elementary number theory (In Chinese). Beijing: China
Drama Press.

103



	SURPLUS MODEL
	RELATED DISTRIBUTION OF PRIME NUMBERS
	Distribution of Prime Numbers
	Distribution of Primes in Arithmetic Series
	Distribution of Prime Numbers Between n2 and (n+1)2
	The Interval Between Primes pi-1 and pi
	Distribution of Twin Primes
	Distribution of Twin Prime Numbers Within Ten
	Distribution of n2+1 Prime Numbers
	Distribution of Prime Triplet
	Primes Distribution of n2-n+ pi Primes


