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1. INTRODUCTION AND BACKGROUND

The concept of convergence of sequences of points has been extended by several
authors to convergence of sequences of sets. The one of these such extensions
considered in this paper is the concept of Wijsman convergence. We shall define
lacunary statistical convergence for sequences of sets and establish some basic results
regarding these notions.

Let us start with fundamental definitions from the literature. The natural den-
sity of a set K of positive integers is defined by

1
§(K):= lim —|[{k<n:ke K},

n—oo N
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Lacunary Statistical Convergence of Sequences of Sets

where |k < n: k € K| denotes the number of elements of K not exceeding n.
Statistical convergence of sequences of points was introduced by Fast (Fast,
1951). Schoenberg (Schoenberg, 1959) established some basic properties of statis-
tical convergence and also studied the concept as a summability method.
A sequence x = (xy) is said to be statistically convergent to the number L if for
every € > 0,
lim %|{k <nilox— L > e} =0,

n— oo

In this case we write st —lim x;, = L. Statistical convergence is a natural genera-
lization of ordinary convergence. If limx = L, then st — limzy = L. The converse
does not hold in general.

By a lacunary sequence we mean an increasing integer sequence § = {k,} such
that kg = 0 and h, = k. — k.—1 — o0 as 7 — oo. Throughout this paper the
intervals determined by 6 will be denoted by I, = (k,_1, k,], and ratio k’:il will be
abbreviated by g

The concept of lacunary statistical convergence was defined by Fridy and Orhan
(Fridy & Orhan, 1993). A sequence x = (z) is said to be lacunary statistically
convergent to the number L if for every € > 0,

1
lim —|{k € I, : [ — L| > €} = 0. (1)

In this case we write Sp — limxzy, = L or x — L(Sp).
The sequence space Ny, which is defined by

NoZ{(mk)IlilﬂhlZMk—M:O}.

" kel,

Let (X, p) be a metric space. For any point € X and any non-empty subset A
of X, we define the distance from x to A by

d(z, A) = ;relgp(x,A).

Let (X, p) be a metric space. For any non-empty closed subsets A, A, C X, we
say that the sequence {A} is Wijsman convergent to A if

lim d(z, Ag) = d(z, A)
k—o0

for each x € X. In this cace we write W — lim A, = A.

As an example, consider the following sequence of circles in the (z,y)-plane:
Ap = {(x,y) : 22 + y? + 2kz = 0}. As k — oo the sequence is Wijsman convergent
to the y-axis A = {(x,y) : ¢ = 0}.

The concepts of Wijsman statistical convergence and Wijsman strong Cesaro
summability were introduced by Nuray and Rhoades (Nuray & Rhoades, 2012): Let
(X, p) a metric space. For any non-empty closed subsets A, Ay C X, the sequence
{Ay} is said to be Wijsman statistically convergent to A if for & > 0 and for each
z e X,

lim l|{l€ <n:|d(z,A;) —d(z,A)| > e} =0.

n—o0o N,

In this case we write st — limy A = A or A, — A(WS).
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Let (X, p) a metric space. For any non-empty closed subsets A, Ay C X, the
sequence {Ay} is said to be Wijsman strongly Cesaro summable to A if for each
z € X,

1
Jim_ ~ kz_:l |d(z, Ay) — d(z, A)| = 0.

Also the concept of bounded sequence for sequences of sets was given by Nuray
and Rhoades (Nuray & Rhoades, 2012) as follows: Let (X, p) a metric space. For
any non-empty closed subsets Ay of X, the sequence {Ay} is said to be bounded if
sup;, d(z, Ay) < oo for each z € X.

2. MAIN RESULTS

In this section, we will define Wisjman lacunary statistical convergence of sequences
of sets and will give the relationship between Wijsman statistical convergence and
Wisjman lacunary statistical convergence of sequences of sets.

Definition 1. Let (X, p) a metric space and 0 = {k.} be a lacunary sequence.
For any non-empty closed subsets A, A, C X, we say that the sequence {Ay} is
Wijsman lacunary summable to A if for each x € X,

1
lim — d(z, Ag) = d(z, A).
g3 dlo ) = dlo A

In this case we write Ay, — A(W Np).
The set of Wijsman lacunary summable sequences will be denoted

W Ny := {{Ak} : lim hi > d(x, Ay) = d(z, A)} :

" kel,

Definition 2. Let (X, p) a metric space and 0 = {k.} be a lacunary sequence.
For any non-empty closed subsets A, A, C X, we say that the sequence {Ay} is
Wijsman lacunary statistically convergent to A if for e > 0 and for each x € X,

lim hi|k el :|d(z,Ar) —d(z,A)| > €| =0.

r

In this case we write Sy — limy = A or Ay — A(W Sp).
The set of Wijsman lacunary statistically convergent sequences will be denoted

WSQ = {{Ak} : Sg — lim w Ak = A}

Example 1. Let X = R and we define a sequence { Ay} as follows:

. {reR:2<x<k.—k-—1} , ifk>2 andk is square integer,
{1 , otherwise.

This sequence is not Wijsman lacunary summable. But since

1 kpr — kr_
lim | {k € I : [d(x, A) — d(x, {1})| > €} | = lim vl o,

r—oo h,. h
this sequence is Wijsman lacunary statistically convergent to the set A = {1}.
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Example 2. Let X = R? and we define a sequence {Ay} as follows:

1 if kr—1 < k < kp—1 + [Vh,] and
2. .2 12— = r—1 r—1 r
Ay = (,y) €RT: o+ (y—1)" = k} "k is a square integer,
{(0,0)} , otherwise.

This sequence is Wijsman lacunary statistical converget to the set A = {(0,0)}
since

Jim (k€ I d, A1) — da, {(0.0)D)] 2 €} =0,

But it is not Wijsman lacunary summable.

Definition 3. Let (X, p) a metric space and 0 = {k.} be a lacunary sequence.
For any non-empty closed subsets A, Ay C X, we say that the sequence {Ay} is
Wijsman lacunary strongly summable to A for each x € X,

hm— Z |d(x, Ag) — d(z, A)| =
" kel,

In this case we write Ay — A([W Ny]).
The set of Wijsman lacunary strongly summable sequences will be denoted

[WNy| := {{Ak} hm Z |d(z, Ag) — d(z, A)| = 0}
k‘EI7
Example 3. Let X = R and we define a sequence { Ay} as follows:

A e {reR:2<x<k.—k-—1} , ifk>2 andk is square integer,
{1 , otherwise.

This sequence is Wijsman lacunary strongly summable to the set A = {1} since

1
rl;n;of > Jd(x, Ag) — d(x, {1})] = Tlin;oh—r.\/k,« — k1 =0.

kel,
i.e., {Ak} S [WN@]

Theorem 1. Let (X,p) be a metric space, § = {k,} be a lacunary sequence and
A, Ay, be non-empty closed subsets of X;

(Z) (a) Ak — A([WN@]) = Ak — A(WSQ)
(b) [W Ny| is a proper subset of W Sp;
(ii) {Ar} € Lo and Ay, — A(WSy) = A — A([W Ny));

(iii) WS N Log = [WNg] N Lo,

where Lo, denotes the set of bounded sequences of sets.
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Proof. (i) — (a). if ¢ > 0 and Ay, — A([W Ng]) we can write

2ker, ld(@, A) —d(z, A)| > 2er,  ld(z, Ay) —d(z, A)]
|d(z,Ap)—d(z,A)|>e
> e|{k el :|d(x, Ax) — d(z, A)| > e}

which gives the result.
(i) — (b). In order to show that the inclusion [WNy] C WSy in (i) is proper, let
6 be given and we define a sequence {A} as follows:

A — {k} . if keo1 <k <kpy+ [Vhe r=1,2,---
T {0} , otherwise.

Note that {Ax} is not bounded. We have, for every € > 0 and for each z € X

hi\{kefrz |d(z, Ak) — d(z,{0})] > e}| = [\f/Lm —0 as r — 0o

ie., A — {0}(WS@) But,

hi Z (e, Ay) — d(z, {0}] = }i[\/’?]([ﬁ +1) N % £0

" kel

hence Ay, - A([W Ny)).
(#4) Suppose that Ay — A(WSp) and Ay € Lo, say |d(x, Ag) —d(z, A)| < M
for each x € X and all k. Given ¢ > 0, we get

1
hi Z ‘d(vak) _d('raA)‘
r kel,
1
T kel,
ld(z,Ax)—d(z,A)|>e
T kel,.

v ld(z,Ar)—d(z,A)|<e
. Hk eI :|d(z, Ax) — d(x, A)| > e} + ¢

hence we have the result.

(#4¢) This is follows from consequences (¢) and (ii). O
Lemma 1. For any lacunary sequence 0 = {k,}, st — limy A = A implies Sy —
limy Ax = A if and only if liminf, ¢, > 1.

Proof. Suppose first that liminf, g, > 1; then there exists a A > 0 such that ¢, >
1+ X for sufficiently large r, which implies that

h A

s 0
kr — 14X

If st — limy, Ay = A, then for every € > 0 and for sufficiently large r, we have

1
7tk < ke 2 ld(z, Ar) — d(z, A)| 2 e}

v

1
k—|{k €l :|d(z,Ax) —d(z, A)| > e}

A1
v Tk e I fd(, Ay) — d(z, A)| =
5 <hr|{kel d(z, Ay) — d(z, A) a})
103
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this proves the sufficiently.

Conversely, suppose that liminf, ¢, = 1. Since 6 is lacunary, we can select a
subsequence {k:rj} of # satisfying

krj 1 krj—l
krj—l .7 kT'

Jj—1

> 7, where 7; > r;_1 + 2.

Now we define a sequence { Ay} as follows:

AL = (m,y)€R2, $2+(y_1)2:}%4 ) kEITja
T {(0,0)) ., otherwise.

=Y e A) —d(z {0.0D] =T forj=12,, (T€RY)

and

e Z |d(x, A) — d(2,{(0,0)})| =0 for r # r;.
" kel,

It follows that {Ax} ¢ [WNg]. However, {A;} is Wijsman strongly Cesaro
summable, since if n is any sufficient large integer can find the unique j for which
krj_l <n< k'f‘j-}—l_l and write

>l A — da (0,00 £ R <y 222

Asn — oo it follows that also j — co. Hence { Ay} € [Woy|. The above Theorem
1 (i9) implies that {Ar} ¢ WSy, but it follows from (Nuray & Rhoades, 2012,
theorem 17) that {A} € WS. Hence WS € W.Sy. O

Lemma 2. For any lacunary sequence 6, Sg—limy, Ay = A implies st—limy Ay, =
A if and only if limsup, ¢, < 0.

Proof. If limsup,. ¢, < oo,then there is an K > 0 such that ¢, < K for all r. Suppose
that Sp — limw A = A, and let U, := [{k € I, : |d(x, Ar) — d(z, A)| > ¢|. By (1),
given € > 0, there is an 7o € N such that

U,
h—<5 for all r > rq.

Now let M := max{U, : 1 <r < rg} and let ¢ be any integer satisfying k,_1 <t <
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k,; then we can write

%H:k' <t: |d(JC,Ak) —d(I,A)‘ > 5}‘

< H{k <k, :|d(z, Ag) — d(x, A)| > e}
r—1
1
= 3 {U1+U2+"'+Ur0+UT0+1+"'+UT}
r—1
M 1 Ur +1 UT
< . — < h, 0 coo by —
- krfl rot krfl { ot hro+1 * * hr }
T'o.M 1 U
< hﬂr‘ h?"
= ke <§B¥Zh ) throat ot e}
ro.M kp—k,
= kr_1 e
M M
< D geg < ek
kr—l kr—l

and the sufficiently follows immediately.

Conversely, suppose that limsup, ¢. = co and construct a sequence in [WW Np]
that is not Wijsman strongly Cesaro summable. First select a subsequence (k;,) of
the lacunary sequence 6 = {k,} such that ¢, > j, and then we define a bounded
sequence {Ay} as follows:

{1} s krj—l <k< 2k'f’j-17
k=
{0} , otherwise.
Then
ij*l < ]-
krjfl - ij71 J -1

7y = 7 O e, A) — d(a, {0})] =

and, if r # r;, 7, = 0. Thus {4} € [WNy]. Observe next that any sequence in
|[Wa| consisting of only {0}’s and {1}’s has an associated Wijsman strongly limit
{L} which is {0} or {1}. For the sequence {A;} above, and k = 1,2, ..., k,,

2k, _ 2
W Z|dxAk 2 {11 > ——(ky —Qij,l):l—;ijl>1—f_
v . J
which converges to {1}, and, for k = 1,2,..2k,, 1,
1 kr. _1 1
A AL E
g5, =y Sl A e O] 2 57 =
and it follows that {Ax} ¢ |[Woq]. O

Combining Lemma 1 and Lemma 2 we have
Theorem 2. Let 0 be a lacunary sequence; then WS = W .Sy if and only if

1 < liminf ¢, <limsup g, < o0o;
r r

then st — limy, Ap = A implies Sp — lim A, = A.
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Proof. This follows from Lemma 1 and Lemma 2. O

Theorem 3. If {A;} € WS NWSy, then Sy — limy Ay = st — limyy Ay.

Proof. Suppose st — limy Ay, = A and Sy — limy Ay, = B, and A # B. For
1ld(z, A) — d(z, B)| > € and each 2 € X we get

lim (k< n: |d(z, Ay) — d(z, B)| > £} = 1.
n n

1
Consider the ky,, th term of the statistical limit expression —|[{k < n : |d(z, Ag) —
n
d(xz,B)| > e} :

LIk < ks (e, A) — d(x, B)| > €)]
Lltke UL ldee, A) — da, B > )

= YR T i A — de, )| > <)

r=1 (2)
= < Z [{k € I« |d(x, Ay) — d(z, B)| > €},
h, r=1
= X hu,
Z: h, r=1
where u, = —|{k € I, : |d(z,Ar) — d(z,B)| > e}| — 0 because A, — B(WSy).

Since 0 is 1acunary sequence, (2) is a regular weighted mean transform of w, and
therefore it, too, tends to zero as ¢ — oo. Also, since this is a subsequence of

o0

1
{|{k: <n:|d(z,Ay) — d(z,B)| > €}|} , we infer that
n

n=1
1
lim—|{k <n:|d(z, Ay) —d(z,B)| > e}| # 1,
n n
and this contradiction shows that we cannot have A # B. O

We now cousider the inclusion of WSy by WSy, where 6’ is lacunary refinement
of 0. Recall (Freedman, Sember, & Raphael, 1978) that the lacunary sequence
0 = {k.} is called a lacunary refinement of the lacunary sequence § = {k,.} if

{kr} € {k7 )

Theorem 4. If &', is a lacunary refinement of 0 and Ay, — A(W Sy), then Ax —
A(W Sp).

Proof. Suppose each I, of 6 contains the points {k;z}fgl) of 0" so that

kro1 <Koy <kly <. <K o=k,  where I'; = (kl,_y,k. ]

ro(r) —
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Note that for all r, v(r) > 1 because {k.} C {k.}. Let {I;}52, be the sequence
of abutting intervals {I;;} ordered by increasing right end points. Since A; —
A(W Sy:), we get, for each € > 0,

1m1§:4—erF-|@m%)fﬂ%ANZsH:O. (3)

I:cl, r

As before we write, h, =k, —k,_1, by, =k, — k., | and h;; =k, — k.. For
each € > 0 we have

i\{If €l :|d(z,Ay) —d(z, A)| > e}

1
= — I Ay) — A)| >
b g € 5l )~ ) 2 ) N
1
= Y. hi(Coxk)
r /€I,

where xx is the characteristic function of the set K := {k € I7 : |d(x, Ay) —
d(z,A)| > €} and Cy xx where,

1

—, ifkel
CQ/XK = h; J

0, if k¢ I

By (3), Cyrxx is a null sequence, and (4) is a regular weighted mean transform of
Corx k- Hence, the transform (4) also to goes zero as r — oo. O

Nuray and Rhoades (Nuray & Rhoades, 2012) introduced the notion of strongly
almost convergence for sequence of sets as follows:

Definition 4. For any non-empty closed subsets A, A C X, we say that the se-
quence { Ay} is Wijsman strongly almost convergent to A if for each x € X,

1y
117an - ; |d(x, Ag4s) — d(z, A)| =

uniformly in i. In this case we write Ay, — A([WACY)).

The set of Wijsman strongly almost convergent sequences will be denoted

k=1

IR
It is known that
[WAC] C Leo. (5)
Example 4. Let X = R and we define a sequence { Ay} as follows:

{zreR:2<x<k} , ifk>2 andk is square integer,
k=
{1} , otherwise.
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This sequence is Wijsman strongly almost convergent to the set A = {1} since

N 1
nhﬁrr;o ﬁ;'d(x’AkH)_d(x’{l}” < lim —.v/n=0
=1

n—o0o N,

uniformly i. i.e., {Ay} € [WAC].

Proposition 1. [WAC] =W Ny

Theorem 5. If ® denotes the set of all lacunary sequences, then

[WAC) = Lo N (ﬂ W59> .

0cd

Proof. By proposition above, the relations (5) and Theorem 1 (i4i),

ocd 0ed 0ed
= [\ (Loo NWSp) = Loo N (ﬂ W59> .
9cd 0cd
O
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