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Abstract: Let p(z) be a polynomial of degree n and Dy p(z) = np(z) + (x
—2)p'(2) denote the polar derivative of the polynomial p(z) with respect to
the point . In this paper we obtain an inequality for the polar derivative of
a polynomial which is an improvement of the result recently proved by Mir,
Baba and Pukhta (2011) [Thai Journal of Mathematics, 9(2), 291-298|.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let p(z) be a polynomial of degree n, then

max |p/(2)] < nmax [p(2) (1)

Inequality (1) is a well known result of S-Bernstein [2]. Equality holds in (1) if
and only if p(z) has all its zeros at the origin. If we restrict ourselves to the class
of polynomial not vanishing in |z| < 1, then

n
max [p'(2)] < 5 max |p(2)] (2)
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Equality holds in (2) for p(z) = 482", where | & | = |8|. Inequality (2) was
conjectured by Erdos and later verified lax [6].
As an extension of (2) Malik [7] proved that if p(z) # 0 in |z| < k, k > 1, then

maxc|p'(2)] < 2 ma (o) Q

The result is sharp and equality holds for p(z) = (z + k)™.
Under the same hypothesis, Govil [5] proved that

()] < 1 {max ()] - iy o) (@)

|z|=1 |z|=k

As a generalization of inequality (3), Dewan and Bidkham [8] proved that if p(z)
is a polynomial of degree n having no zeros in |z| < k, k > 1, then for 0 <r < p < k,

(p+ k)"t

/

max |p'(z)| £ n——————max |p(z )

max [p/(2)] < n () 6
Dewan and Mir [4] generalized inequality (5) and proved the following result.
Theorem A. If p(z) = X7_,a,2" is a polynomial of degree n having no zeros

in |z| <k, k>1, then for 0 <r < p <k,

max [/ (2)
|zl=p

e, Rk = p)nlaol = Klasbn [ pmry Kt
— (k+r)n n(k? + p?)lao| + 2k%plar|  “k+p" k+p ==

(6)
As an improvement of (6), Aziz and Zargar [3] have obtained the following result.
Theorem B. If p(z) = £7_ya,2" is a polynomial of degree n, having no zeros

in|z|<k,k21,thenfor0§r§p§k,

max [p/(z)| <
|z|=p
n—1
o+ k) Kk = p)(naol — Klaan(p—r) (E4r max |p(2)|
(k+r)" (K2 + p?)ao| + 2k2plar| = \ k+p) \k+p =

. r+k (nlao|p + k*|a1]) p+k "_1_n( —r) m1n| (2)]
p+k | | (k% + p?)nlao| + 2k2plar| | \ 7 +k ’ =k
7

The result is best possible and equality holds for the polynomial p(z) = (z+k)™.

As a generalization of inequality (4), Aziz and Shah [10] proved the following.

Theorem C. If p(z) = ao + X}_,a,2", 1 < p < n is a polynomial of degree n
having no zeros in |z| < k, k > 0, then for 0 <r < p <k,

_ (pﬂ+kﬂ>ﬁl{ . }
max <ppt 12X — "7 _ ! max|p(z)| — min |p(z 8
ma ! (2)] <m0 a2 — i o(2) ®)

Recently Abdullah, Baba and Pukhta ([9], Theorem 1.1, pp. 293) proved the
following more general result.
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Theorem D. If p(z) = ag + X}_,a,z" in a polynomial of degree n having no
zeros in |z| < k, k > 1, then for 0 <r < p <k,

(" + k)i

max |p'(z)] < npt~1 -
e/ (2)] < L

|2|

- k' (k — p)(nlao| — K" play|)n
plnlaol (ot + krHY) + plag| (k2p + kit pr)]

n_q
pH —rh EH 4 rH\ "
9
<ku+p#> (ku+pu max [p(2)] (9)

(Rt (nlag|p + plau|k*+)
(7 W)\ Wloal (T R0+ (R T

PR n(e =\
{ (W ) 1) - M}} iy 'W)]

Equality in (9) holds for the polynomial p(z) = (z#+ k"), where n is a multiple
of u. Let Dyp(z) denotes the polar derivative of the polynomial p(z) of degree n
with respect to the point o, then

Dacp(z) = np(2) + (o< —2)p/(2)

The polynomial Dyp(z) is of degree at most (n — 1) and it generalized the
ordinary derivative in the sense that

lim [Dmp(z)] =p'(2)

a— 00 0]

As an extension of (3) to the polar derivation of a polynomial, we have the
following result due to Dewan, Singh and Mir [1].

Theorem E. If p(z) = a,2" + Y= n—vz""", 1 < p < n, is a polynomial of

degree n having no zeros in |z| < k, k > 1, then for every real or complex number
a with |a] > 1,

n
max | Dap(2)| < 777

{0 1 o)l = (o= 1) i o b (10

|z|=k

In this paper we generalize (9) to the polar derivative of a polynomial and which

is also an improvement of Theorem E .
Theorem 1.1 If p(2) = a,2™ + Yy 0n—v2""" 1 < pu < nis a polynomial of

degree n having no zeros in |z| < k, k > 1, then for every real or complex number
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with |a| > p,

max |Dyp(z)] <
|z|=p

n

n 771
(r“—|—k“)571 nA [ pt—rt kF 4+t \ "
k“ + p-t n 1——=
n(kH + | oc[pH7) IO mAvEY AT max p(2)]

— [k ] ox o)

r“—i—k“C{p“—&-kz“ npt —rt 1}

p* + k+ B T uk#—i-rl‘_
npt ! .
T eallecl p)} min [p(2)]

(11)
where A = (k — p)(nlao| — pla,|k*)k*

B = (p'* + kM nfao| + pank? (kpt + k¥ p)

C = nlao|p + play [k

Remark 1. For p = r = 1, inequality (11) reduces to (10)

Remark 2. Dividing the two sides of (11) by | |, letting | & | — oo, we get

max [p’(z)
|z|=p

n__

toy eyt A ot — o AN
i Py T | maxle(e)
(pt + kr)w B\ pr+ k) \ ke pt lzl=r

T o L O A ) npt —r# npt—1
P \ B vt ke Y (o

min [p(2)]

Equality holds for p(z) = (2* + k“)%, where n is a multiple of u.

If we take u = 1 we get the following result which is an improvement of Theorem
B

Corollary 1. If p(z) is a polynomial of degree n and having no zeros in |z| < k,
k>1,0<r<p<k, then

max [p’(z)]
lzl=p

n—1
< HM 1_ né/ por)(EEr max |p(z)|
- (k+r)n B'\k+p) \k+p |z|=r

- nr+k ¢ p+k_1 S G min |p(2)|
bt k| B 7tk k[ prk|ek®

where A" = (k — p)(n|ag| — |a1]k)k
B’ = nlao|(p* + k?) + |ax|(k?p + k?p)
C'" = nlag|p + |a1 |k?
Remark 3. If we take £k = 1 in Theorem 1.1 we get the following result.
Corollary 2. If p(2) = an2" + X)_,an—»2""", 1 < pp < n in a polynomial of
degree n having no zeros in |z| < 1, then for every real or complex number « with
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laf = p,
lmlax |Docp(2)]
z|=p
n n_q
1 w1 D [ ot — 1 1 AN
<l o[+ pry Sy BB ) (IR lo(e)
(L4 rm)n pEN\ 147 )\ 1+ pH |z|=r
n—1 y % n_
B PR 3y P N (i RPN Gl
1+ pt F ot +1 wrt 41
npt—1

WU x| —p) |rzr|n=n1 Ip(2)]

where D = (n|ao| — pla,])(1 — p)
E = (n]aglp + pla,)
F = (p"T! + D)nlao| + plal(p" + p)

2. LEMMAS

For the proof of theorem we need the following lemmas.
Lemma 2.1 Let p(2) = a,2" + X7_,an—»2""", 1 < p < n be a polynomial of
degree n having no zeros in |z| < k, k > 1, then for every real or complex number

a with o] > 1

min ()1}

maxe [ Dp(2)] < — {0a|+wﬂmgm@n—ua|—w

|2l L+ kH |2l \

The above lemma in due to Dewan, Singh and Mir [1].
Lemma 2.2 If p(z) = ap + ¥7_,a,2", 1 < pp < n is a polynomial of degree n
having no zeros in |z| < k, k > 0, then for 0 <r < p <k,

kH 4 pH %
max |p(z)| < ( p)

|21=p ki i

" (nlaol(p T+ B+ pala, | + (R + BRI i)

pH — i kM 4t w1
X
kx4 pr kH + ptt F;i’i Ip(2)]

(nlaolp + plau |k +h) (rH + kH)
nlao| (k#+1 + ptHh) + pay, (k2#p + kr+ipH)

prak\t ) et ] p(2)]
T+ kH p(rt + k) HE

[ k#(k — p)(nlao| — k*pla,|)n

T[3

The above lemma is due to Mir, Baba and Pukhta [9].
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3. PROOF OF THE THEOREM

Proof. Let 0 < r < p < k, since p(z) has no zeros in |z| < k, k& > 0, then the
polynomial p(pz) has no zeros in |z| < %7 % > 1, therefore, by Lemma 2.1 to the

polynomial p(pz) with ‘%l > 1 gives

n E\" || o] .
max | Dap(pz)] < ——— H () + } max [p(z)| - (— 1) min |p<z>]
|z|= 1+ (ﬁ)u P p | lzl=p p |z|=k

ie.,

(0%
max |np(pz) + (p - Z> pp'(pz)| <

" (k# + alo#) max p(2)] — 22 (Jal = ) min (=)
« max |p(z)| — — p) min |p(z
P+ rnEY pH+ Kt PP
Which is equivalent to
max |Dyp(2)| <
lz|=p )
n npt= .
E* + o p*~ 1) max |p(2)] — al — p) min |p(z
i (b o) ma ()] — L (ol = ) i f(2)

For 0 <r < p <k, we have by using Lemma 2.2,

3

n ki) "
Dy < g n—1
‘fil‘:?;| p(2)] < T Jrk#( + |alpt1) <k# er#)

n

n_q
) nA fpt—r# kH 4\ " ip(2)|
pB\ Kt A pt |\ kA pt i P

n
g 0 ol )
C pu + kH % n p/u — r/"'
— (rH kM -1 _ .
B (/r + ) (T/L + k‘“) /"L (7"“’ + k“) ‘IZI‘H:I}C |p(z)|
npt ! .
gy (lof = p) min [p(2)]
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Which is equivalent to

max |Dyp(z)] <
=p

|2

n o1
3 (r“—l—k“)?*l nA [ pt—rkt kP 4\ *
n (k4] o [ph ) e (1 - o ) \ max |p(z)]

(pr + ku)ﬁ wB |z|=r
by kYO (gt 4+ kP o gt — e
_ Tl(k‘u—l—|0(|p“71)(r ) P _n 1% r 1
(pu+ku)B e N TR N
npt! .
(] —pﬂ i [p(2)|
This completes the proof of the Theorem. O
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