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Equivalence of Linear Systems of Two Second-Order
Ordinary Differential Equations

Yulia Yu. Bagderinal*

Abstract: An equivalence problem is solved completely for a linear system of two second-order
ordinary differential equations. Using Lie’s infinitesimal method we construct the basis of differ-
ential invariants for this class of equations and provide the operators of invariant differentiation.
Certain types of linear systems are described in terms of their invariants. Some examples are
given to illustrate our results.
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1. INTRODUCTION

Linear equations are considered to be the simplest class of easily solvable equations. Indeed, any scalar
ordinary differential equation (ODE) of the second order x” = p(f)x’ + I(t)x is reducible to the form ¥/ = 0
by a suitable change of variables 7 = 6(t), ¥ = x¢(t)!'!. Therefore, given nonlinear second-order ODE is
treated as an integrable one when it turns out to be linearizable. Linearization problem for this class of
equations has been solved by S. Lie?.

The situation is different for a system of two linear equations

X" = pir@Ox + i@y + L(Ox + mi(D)y,

1
V' = D0y + (X + LDy + ma(0)x. M

Class of equations (1) is closed with respect to point transformations

1=001), X=¢u@x+¢n@y. y=d¢a0x+dn(y, detlp;@)ll#0, 2

which form the group E of equivalence transformations of system (1). Transformation (2) relates system
(1) to a linear system of the same form

¥ = pi(OX + (DY + L(DX + (D)9,

_ 3
V' = pa(D)y + (DX + L(D + ma(D)X. ®

However, unlike a scalar equation, arbitrary linear system may be irreducible by a point transformation to
the simplest form
X'=0, ¥ =0. 4
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It may be illustrated by the number of admitted symmetries, which is invariant under invertible change of
variables. Namely, system (1) can possess 5 to 8 or 15 Lie point symmetries’], the maximum number being
achieved by equations (4™ Tt has been established in [4] that system (1) is equivalent to (4) if and only if
its relative invariants

| | 1 1, 1 _
@ = 7Py =P+ 5=l +g(pr=p), @ =3qi—mi=Z(p+pdg; (=12, )

equal to zero.

Let for a given nonlinear system of two second-order ODEs we ascertain its linearizability using, for
example, the criteria of [5] or [6]. Linearizing this system one obtains equations (1), which need to be
reduced to the most simple form that is possible. The problems of reducibility of a linear system to an
autonomous system, system with a separating equation or a decoupled system are particular cases of equiv-
alence problem. It can be solved with the use of invariants of the class of equations (1). Systems (1) and
(3) are equivalent with respect to a point transformation (2) iff all their invariants are equal. As invariant of
system (1) we name the invariant of its group E of equivalence transformations. Invariant of some subgroup
of £ we name relative invariant of system (1).

In Section 2 of the present paper equivalence problem is solved completely for the class of equations
(1). We construct all invariants of system (1) in nondegenerate case, when iy = a'% + @@, is nonzero,
and in degenerate cases as well. Note that some invariants depending on ¢ only have been found in [7]
for the case iy # 0. To find differential invariants we use Lie’s infinitesimal method!® (see also [9]). It
has been developed in detail in [1]. This approach is used in [10] to solving equivalence problem for
scalar third-order ODEs. Examples of its application to constructing invariants of some classes of linear
partial differential equations (PDEs) one can find in recent papers [11, 12] (see also references therein).
Group of transformations can possess infinitely many differential invariants!!!, but there exists the finite
basis of invariants such that all other higher order invariants of the group are obtained from the basis ones
by algebraic operations and invariant differentiation''?!. The order of an invariant I is defined by the highest
order of derivatives of functions p;, q;, [;, mj, j = 1,2, involved in /. Operator D of invariant differentiation
satisfies the condition: if 7 is an invariant of system (1), then DI is invariant too.

In Section 3 we describe some classes of linear systems by means of their invariants (decoupled systems,
autonomous systems and so on). In Section 4 a few examples show how the invariants can be applied in
solving the equivalence problem.

2. INVARIANTS OF LINEAR SYSTEM

The theorem below shows that linear system can possess invariants of two kinds. Namely, invariants 1;(),
j = 1, which depend on variable f only, and invariant Iy(#, x, y) having the form of ratio of two homogeneous
polynomials in x, y. Equivalent systems (1) and (3) should have equal invariants. It means the consistency
of algebraic equalities

Lt,x,y) = LT, %5, L@ =L, LoO=LO, L =5hL,... (6)

where Iy, I;, j > 1 are invariants of system (1) and I, I j» J = 1 are invariants of system (3). If these
invariants are not identically constant, then solving system (6) for 7 and X/y one can find possible form of
transformation (2), which relates equivalent systems (1), (3).

Invariants may be effective when we need to prove nonequivalence of two given systems. For exam-
ple, for a system (1) with constant coefficients all invariants /;(¢) are identically constant. Therefore, if
system (3) has invariants I;(7), which depend on 7 explicitly, then no transformation (2) can reduce it to an
autonomous form, since in this case system (6) is inconsistent.
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For the most compact representation of invariants of system (1) we use its relative invariants of the first
order (5) and

r ., 1
=51+ py = qgp) —h = b= 7 (P + pd), ™M

relative invariants of the second order

’ ] ’ 1 ’ 1
Po=ag + 5(612011 -qiaz), P1=a)+qap+ E(Pz —poai, Pr=ay—qap+ E(Pl -paz, (8)

third order
Yo =By + 5(@B1 — q1B2) = 26a0,  y1 =B+ q1Bo + 5(p2 — p1)B1 — 26,
Py 1 9
Y2 =B — q@Po + 3(p1 — p2)B2 — 20,
fourth order
g =V, + @yi — q172) = 5860, €1 =V, +qyo+ 2(p2 — p)y1 — 5681, (10)
& =Yy — q2¥o + 2(p1 — p2)y2 — 5B,
and their combinations
By = a182 — axps, B1 = asfy — appa, By = apfi — a1,
GO =a1y2 + a2y — %ﬁ1ﬁ29 Iﬂk = QYK — %ﬂi’ k = 0’ 1929 (11)
G\ = a2y0 + @0Y2 — 3PP €1 = &y — o2 + 5(Boy2 — B2Yo),
io = @ + ajaz, jo = Y2y + 2xyay — X, j1 =¥*By + xyBy — x*By, (12)
i] =B(2)+4Ble, iz =2F0+G0, i3 =Bo’yo+B|’}/1 +Bz’)/2,
E, = 0582 - %Qzﬂzyz + ITSﬁ%, K = a,Gy — 201, (13)
ko =K+ 3yB%(xa2 —ya'o)", ki = %Kz + B%rz, ky = a%el —3BI.

Theorem 2.1 Every linear system of two second-order ODEs (1) belongs to one of five types of linear
systems. For each type the basis of invariants and invariant differentiation operator are given by following
formulas:

(1) Systems of the first type (i # 0) have two second-order and two third-order basis invariants
Io=jijo'iy”"* h=iiy”? L= =i, D=i'""D; (14)
(2) Systems of the second type (iy = 0, ap # 0, By # 0) have two third-order and one fourth-order basis
invariants
Iy=koay’ B, I =kia;"’B*P, L =ka;"’B?, D=a)’B'"Dy; (15)
(3) Systems of the third type (ip = 0, @y # 0, By = 0, I'; # 0) have one basis invariant of the fourth

order
L =EI;?  D=awl,'"’D; (16)

(4) Systems of the fourth type (ip = 0, a, # 0, By = 0, I'y = 0) have no invariants, but they have an
invariant manifold
(xa = yag)a; * = 0; (17)

(5) Systems of the fifth type (ap = 0, @1 = 0, ay = 0) are equivalent to the simplest system x”’ = 0,
yll - O.

The proof of Theorem 2.1 is given in Appendix. In (14)-(16) D; is the operator of total differentiation
with respect to .

Remarks: If for a given system (1) relations iy = 0, @, = 0, @; # 0 hold, then interchanging x and y one
obtains the linear system with a, # 0. So we need not consider the case iy = 0, a; # 0.
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3. INVARIANTS OF SOME CLASSES OF LINEAR SYSTEMS

Here we describe invariants for some classes of easily integrable linear systems. Since all systems with
vanishing relative invariants (5) are equivalent to X = 0, " = 0, we will not consider the systems of the

fifth type.

3.1 System with Constant Coefficients

For an autonomous system (1) all invariants /;, j > 1 are identically constant while invariant Iy depend on
x/y only. To avoid the cumbersome formulas, below we consider some subcases of coupled autonomous

systems.
Case I: For a linear system
=gy +hx, Y =@x + by,
relative invariants (5) are equal to
ay = (L —-10)/2, a; =0, ay =0.
When [} # [, system (18) is of the first type having the invariants

_ 4y - X P _ 130192 + 8(L + )

= ) 1=, I , =0
V2(L = I)xy L-1h bL-1
Case I1: The relative invariants of system
Xo=qiy +my, Y= qx +mox,
are equal to
ap =0, ay = —my, @ = —my, iy = mymy, By = my(qamy — q1my)/2.

If m; # 0, my # 0, it is a system of the first type with invariants

_ (quma = qamy)(max® + myy*) _(qimy — gamy)?

Iy = I =

0 2(mymy)3/*(myx? — myy?) : (mymy)3/? )
= 21 N 2q19> I _ _(qima + gami)(gimz — gami)
TR ymumy A(mym)°

If my =0, g1 # 0and m;, # 0, system (20) is of the second type. Its basis invariants are

1/3 1/3
3 (243 y q 3
Iy=—|— =, L =9 — s L ==1I.
0 Z(mz X 1 q2 2m§ 2 21

Case I1I: System
X" = pixX' +myy, Y = py +myx,

has following relative invariants

ao=Pi-pH/8  ar=-mi, @m=-m,  ig=(pi—p})?/64+mimy,
By = —my(p1 — p2)*(p1 + p2)/16, o =m3(Tp? + 2p1ps + Tp3)/16.
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If iy # 0, it is a system of the first type with invariants

_(p1 = p)16mumaxy + (p; = p3)max® — miy?))

fo 3742 o 2 2
4i""((p; — pPxy + 4(max* — my )2) 23)
mimy(p1 — p2)* 9 p1tDp; mn 4
I = ———, L=l + —, 3= ——7(P1 = p2) (p1+ p2).
i) 8 Vio 3200/
When iy = 0, my # 0, p; = py # 0, it is a system of the second type with invariants
3(2(py - p2)\' (P} = P3)y + 8myx
Io=7 2_ 2 ’
2\ pi+p (py — p3)y — 8max
3 (2(p1 = p2)\?* 51 = 2p1p2 + 53 3(2p1 - p)\ 5
L=3 —2, L= T—F) o
2\ pi+p (p1 - p2) 4\ p1+p2
3.2 System with a Separating Equation
System
=X +L(0Ox, Y = pa0)y + )X + LDy + ma(t)x, (24)
has relative invariants
a; =0, ip = a'%, B = ey, — aofs, [y = apa) — 5/4a62 - 25(1(2),

where @y, a, J, B, are calculated by formulas (5), (7), (8). When @ # 0 it is a system of the first type with
invariants

B o
Io = m;x L=0 L==2 L= (25)
@y (xaz — 2yay) a,

When iy = 0 system (24) falls into the third type (I, # 0), the fourth type (I'; = 0) or the fifth type (a; = 0)
of linear systems. It is readily verified that in any linear system (1) of the third or the fourth type (i.e. when
ip = 0, By = 0) an equation

X =20X + (0" =P =8/D%  p=p2/2+ B+ qrao/D)]an,
separates for a function ¥ = xa, — yay. Linear system of the second type cannot be reduced to the form
(24).
3.3 Decoupled System

System
x" = pix + Li(h)x, Y= pat)y” + b()y, (26)

belongs to the first type, provided a( # 0. Its basis invariants are
a0y — 5/ 201(')2 - 46&%

]0:0, ]l:(), ]2_ 3 5
%

I =0. Q7

If @y = 0, system (26) is of the fifth type. Linear systems (1) of the second, third or fourth types cannot be
reduced to decoupled equations (26).

System, which often arises in applications,

X" = p)x' + g0y + l(t)x + m(1)y, Y =p@)y —qO)x + l(t)y — m(0)x, (28)
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has the following relative invariants (5), (7)

=0, a = -pp2-m  a=-a, 6=p -2+ -p)/2

When a; # 0 it is a system of the first type having the invariants

Ih=0, L =0, L=i5/2a-2a1a] +46a}D/ei, I=0,

where i* = —1. Comparing them with invariants (27) we infer that system (28) is equivalent to a decoupled
system. Indeed, in variables
z=x+1y, Z=x-1y,
system (28) takes the form
7' =(p-ig)7 +{-im), 7' =(p+ig7 +(+im)z.

When «; = 0 system (28) is mapped to the simplest equations ¥ = 0, y"" = by the change of variables

=46, X =p1(Ox +y1(D)y, ¥ =o20x + ¢ ()y,

where 6(7) satisfies the equation
29/9/// _ 39//2 — 259/2,

and (¢;(1), ¥ (1)), j = 1,2 is the fundamental system of solutions of equations
20" =010 —po+aqp, 24 =070 - p - qe.
Note that system (28) involves the equations of harmonic oscillator with time-dependent frequency
X" +w)x =0, Y+ w@)y = 0.

The change of variables, which transforms them to the form (4) is given in [3].

3.4 System which Admits Lagrangian Representation

Following [14] one can find which systems (1) multiplied by a non-singular matrix g;;(t) become a set of
Euler-Lagrange equations for a quadratic Lagrangian

7 /7 1 7. .7 1 /. 1 1
L(t,x,y, %,y = Egn(r)x2 +812(DXy + (1) 24 §h11<t>x2 + hip(t)xy + Ehzz(t)y2~ (29)

Namely, system (1) is represented in the form of Euler-Lagrange equations iff there exists non-singular
symmetric matrix g;;(#) satisfying algebraic and differential equations

migi1 + (b —1)g2 —magan =0, (30)
q1811 + (P2 — p1)g12 — q2822 = 0, 31

gt rgn+tq812=0, 2g,+qign+(P1+p)gn+qgn=0, gH+pgn+qgn=0 (32
Coefficients h;;(¢) in Lagrangian (29) are equal to

hi =hgn +magra, 2hip =mugu + (L + h)gio +magor,  hyp =g +migi.

System (30)—(32) is overdetermined. Its compatibility conditions arise after differentiating equation
(31), eliminating derivatives glfj by virtue of (32) and repeating this procedure for an algebraic equation
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obtained. Linear combinations of these algebraic equations with previous ones and equations (30), (31)
give rise to the system of linear homogeneous equations

Ajign +Apgin +Ajgn =0, (33)

where Ay = my, Ay = L =11, Aiz = —my, Ay = q1, Ay = pa — p1, Aoz = —q, Az1 = @y, Az = —2ay,
A33 = —-Q3 and

Ajiin = Al = 3q1Ap + 5(pa = pOAj = 30 = 3)6A 11,
Ajna =AY —@Aj —qiAp = 1j=3)6A 10,
Ajiz = Ay = 3@2Ap + 5(pr = pDAj = 3j( = 3)6Aj15,  j23.

Comparing with (8)—(10) it is readily verified that A4y = 81, Agz = =280, A4z = —2, As1 = y1, Asp = =20,
As3 = —y, etc. System (33) has nontrivial solution if and only if

rank A < 3. (34)

It is not difficult to see that condition (34) holds, for example, for all systems (1) of the fifth type (in this
case Ay =0,k=1,2,3, j>3).

4. EXAMPLES OF EQUIVALENT SYSTEMS

Now consider a few examples, which illustrate application of the invariants of linear systems to solving
equivalence problem.

Example 1. Consider the system from [15] (a, ¢ are nonzero constants)

7. ’

3 3
u’ = c*Beos’ar— Du+ 5c2vsin 2at, V' =t 3sin®ar— Dy + §c2u sin 2at, (35)

which is of the first type, since in this case we have iy = 9¢*/4. Comparing its invariants

- a |2 2u? +v?) . 32a? . 8 a? .
=~-13 ) I =———, L==--12—, I; =0, 36
07 \/;(u2 —v2) sin 2at — 2uv cos 2at ! 3c2 73 c2 3 (36)

with invariants (25), (27) we conclude that system (35) is not reducible to a decoupled system or a system
with separating equation, because [, is nonzero. However, invariants I, >, Iy of system (35) are constant.
Therefore, it may be equivalent to a system with constant coefficients. Comparing invariants (36) with
invariants (19), (21) and (23) we see that system (35) is reducible to an autonomous system of the form
(18). Equating invariants (19) I;, I, to the corresponding invariants (36) I1, I, one can find

a® -2 442

L, S——
22 MR =T

h=4"<
T @2y oc

(37

Taking into account (37) and multiplying equality Iy = Iy by x/y one obtains quadratic equation in x/y,
which has the solutions

X  2a b ucosat + vsinat _ 2a b usinat — v cos at
y g Va®+2c?usinat —vcosat’ y g Ya®+2c>ucosat +vsinat’

Taking, for example,

I =

X = usinat — vcos at, y =ucosat + vsinat, (38)
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one obtains the transformation, which relates system (35) and an autonomous system of the form (18). In
variables (38) equations (35) become

7

X’ =2ay +(a® - A)x, Y’ = =2ax" + (@ + 2c%)y.

Example 2. In [16] all systems of two second-order ODEs admitting real four-dimensional Lie algebras
are classified. For instance, system

A fOEPEDY =0, Y+ (O + gy =0, (39)
admits Lie algebra -5421.22 of operators
X, =9,, X, =0, X5 = t0; + x0,, X, = x0; — 10,.
Moreover, we find that system (39) admits also the symmetries

X5 = a(y)d; + b(y)0,, X6 = b(y)0; — a(y)0,,
a'(y) = sin([ fdy)exp([ gdy),  b'(y) = cos([ fdy)exp( [ gdy).

Operators X, X, X5, X form the basis of an abelian Lie algebra and hence system (39) satisfies one of the
linearization criteria established in [5]. In [6] it is established that transformation

=y, X=x, y=t,
turns (39) into a linear system of the form (28)

¥ = g@F - fOF, F = g@OF + [DF. (40)

Therefore, system (40) reduces to a decoupled form

= (g +if()Z, Z7 = (g - if)Z,
by the change of variables z = X + iy, 7 = X — iy.
Example 3. Linear ODEs of higher order arise in theory of hydrodynamic stability. In particular, linear
stability problem for a parallel flow can be reduced to the solution of Orr-Sommerfeld equation!!”!

¢V =2a°¢" +a*g = iaR[(U(t) — o)(¢” — a*¢) — U" ()¢, (41)

for the disturbance amplitude ¢(¢). In equation (41) U(¢) is the velocity profile of the undisturbed flow which
is a known function. Parameters a and R are positive constants representing, respectively, the disturbance
wave number and a flow Reynolds number, ¢ = cg + ic; is a complex constant. This linear fourth-order
ODE allows representation in the form of two linear equations of the second order

X" =@+ Vi - V'@,

¢ =dp+y, V(1) = iaR(U(¥) — ¢). (42)

Assume V" () # 0 and find when system (42) is reducible to linear system with separating equation in one
of unknown functions. System (42) has relative invariants

= 1V =y =-1 '—1V2 1% B—lv’
@y = 2a a) = > @ = > 10_4 s 1_2 N

Hence it cannot belong to linear systems of the third, fourth or fifth type. As it follows from Subsection 4.2
it should be of the first type and have vanishing invariants /;, I3. Relative invariants of system (42)

il — V///Z _ VV/V/// + V/ZVN, i3 — (V/VIV _ V//V///)/z7
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are equal to zero provided function V() satisfies the condition
V2 =¢y— 2C%V +c V2, Co,C] = const, c1 0. (43)
If ¢; = aRcy, then for the function U(¢) relation (43) takes the form
U = aRey(U — cg)* + aRc; — co/(aR)>.
In this case system (42) has invariants /; = 0, I3 = 0 and

_ V'(cio —x) _(V[2=cpV” —5/8V"% + (2a* + V)(V — 2¢))?
T2V2—c)P((el - Vg + ) T Vi2=c1) '

Iy

Equating invariant [ of system (42) to invariant /Iy of system (24) it is readily seen that it is worthwhile to
take x proportional to c¢;¢ — y. Indeed, when iy # 0 and function V(¢) satisfies condition (43), equations
(42) become

X' =(d®+ V() - c)x, V' = (@ +c)y+x,

in variables x = y — c;¢, y = ¢. Thus, if function U(¢) in (41) is given by

U(t) = cg + Ug sin V—aRc(t + ty), c; <0,
U(t) = cg + Upexp(VaRct) + Uy exp(— VaReyt), c; >0, to, Uy, U = const,

then solution of Orr-Sommerfeld equation reduces to integrating separated system of two second-order
ODE:s.

5. CONCLUSION

In the present paper we study the equivalence problem for systems of two linear second-order ODEs. Dif-
ferential invariants of this class of equations were constructed using the classical Lie approach. Invariants
provide a simple way of finding the equations, which may be equivalent to a given system, and the transfor-
mation connecting two equivalent systems. Their applications are demonstrated with a number of examples.
Here we use an autonomous linear system, system with a separating equation and a decoupled system as
canonical ones, because the procedure that yields their solution is evident. However, one can consider as a
canonical system any other linear system with known solution.

ACKNOWLEDGMENTS

This research was supported by grants MK-8247.2010.1, RFBR 10-01-00186-a, Federal Objective Program
”Scientific and Pedagogical Personnel of the Innovative Russia in 2009-2013” (contract 02.740.11.0612).

REFERENCES

[11 Ovsiannikov, L. V. (1982). Group analysis of differential equations. New York: Academic Press.
[2] Lie, S. (1924). Gesammelte Abhandlundgen. Vol. 5. Leipzig: Teubner.

[3] Wafo Soh, C., & Mahomed, F. M. (2000). Symmetry breaking for a system of two linear second-order
ordinary differential equations. Nonlin. Dynamics, 22(2), 121-133.

114



Yulia Yu. Bagderina/Progress in Applied Mathematics Vol.1 No.1, 2011

[4] Gonzélez-Lépez, A. (1988). Symmetries of linear systems of second-order differential equations. J.
Math. Phys., 29(5), 1097-1105.

[5] Wafo Soh, C., & Mahomed, F. M. (2001). Linearization criteria for a system of second-order ordinary
differential equations. Int. J. Non-Linear Mech., 36(4), 671-677.

[6] Bagderina, Yu. Yu. (2010). Linearization criteria for a system of two second-order ordinary differential
equations. J. Phys. A: Math. Theor., 43(46), 465201.

[71 Wilczynski, E. J. (1906). Projective differential geometry of curves and ruled surfaces. Leipzig: Teub-
ner.

[8] Lie, S. (1884). Uber Differentialinvarianten. Math. Ann., 24(1), 52-89.

[9] Ackerman, M., & Hermann, R. (1976). Sophus Lie’s 1884 differential invariant paper. Brookline,
Mass.: Math. Sci. Press.

[10] Bagderina, Yu. Yu. (2008). Equivalence of third-order ordinary differential equations to Chazy equa-
tions I-XIIIL. Stud. Appl. Math., 120(3), 293-332.

[11] Johnpillai, I. K., Mahomed, F. M., & Wafo Soh, C. (2002). Basis of joint invariants for (1+1) linear
hyperbolic equations. J. Nonlin. Math. Phys., 9(Suppl. 2), 49-59.

[12] Tsaousi, C., & Sophocleous, C. (2010). Differential invariants for systems of linear hyperbolic equa-
tions. J. Math. Analysis Appl., 363(1), 238-248.

[13] Tresse, A. (1894). Sur les invariants différentiels des groupes continus de transformations. Acta Math.,
18(1), 1-88.

[14] Douglas, J. (1941). Solution to the inverse problem of the calculus of variations. Trans. AMS, 50(1),
71-128.

[15] Kamke, E. (1977). Differentialgleichungen. Losungsmethoden und Losungen. Gewohnliche Differen-
tialgleichungen. Leipzig: Teubner.

[16] Wafo Soh, C., & Mahomed, F. M. (2001). Canonical forms for systems of two second-order ordinary
differential equations. J. Phys. A: Math. Gen., 34(13), 2883-2911.

[17] Lin, C. C. (1955). The theory of hydrodynamic stability. Cambridge: Cambridge University Press.

115



Yulia Yu. Bagderina/Progress in Applied Mathematics Vol.1 No.1, 2011

APPENDIX: PROOF OF THEOREM 2.1

To prove the statement of Theorem 2.1 we use Lie’s infinitesimal method [1, Chapter 7]. Invariants of
system (1) are found from the condition of their invariance under infinitesimal operator

8
X = &0, + 10y, + &0, + 000, (A1)

i=1

corresponding to group E of equivalence transformations of system (1). Here we denote (x1,x3) = (x,y),
(f1s -5 f3) = (P15, P2, 91,92, 11, I, my, my) and, following [1], assume that coordinates &, &1, &2, nl(.o) depend
ont, xi, x2, fi, i = 1,..., 8. Operator (A.1) extended to the derivatives of f; with respect to x; and to x;, x’j’,
j=12, ‘

2 8
X = &0 + Z (-fjax,- + f;l)ax',. + 55'2)&(;’) + (U,(-O)af;» +{n0px + §i25_f;»x2>,
j=1 i=1

should leave invariant the system
x}’ = f_,~x; + f2+_,-x§_j + f4+ij + f6+jX3_j, fixj = 0, (] = 1, 2, i= 1, ey 8) (A2)
Coordinates 551), f;z) are calculated by the standard prolongation formulas!!!
J 2 17
&V =D& - XDy,  EP = DEY - X! Dé,
D=0+ X5 (X0, + %[0y + ...) + By (fir X frog + X5 i) O+

In order to calculate {;; we regard t, x{, x, as independent variables and f; as dependent ones:

G = Dun” = fuDyo = fiy Dié = fir Dr,or,
Dy =0y, + 3%, (fir, 0, + fius,Os, + Fin,Op, + ---).

Invariance condition X f,'xJ. |(A,2) = 0 leads to relations 7752? =0, 771(‘)(2 = 0. Action of X on first two

equations (A.2) provides two determining equations. Equating coeflicients of like powers of x}, X, fi in
these equations one obtains

on‘,' = O, fOf, = 07 fjxlxl = O, é:jxlxz = 0’ é:jxprz = 07 §jf, = 0 (] = 1927 i: 1,58)

Taking into account these conditions one can find from the determining equations the final form of operator
X
X =100, + (p1(Dx + T 1(D)y)0x + (p2(0)y + 02(H) X))y
+37 [(2P_',- =7 = piv = qjo3-j + q3-j0 )0,
+(20-./I' + (p3_j - pj)O'j + C]j(pj —pP3-j— T'))aqj (A3)
+(p;.’ - pjp; - qu';_j =2l;7 + m3_jo; — mjo3_ )0,

+o! = pjot—qips_+ (boj = 1)o7+ mi(pj — p3-j = 27"))(9,”/.] .
Fourth-order invariants of system (1), which depend on variables
t, X, y, pj» q;, lj, mj, p}, q}, l}, m}, p}’, ... ,p}", ... ,mév (j=12), (A4)
are found from the invariance condition XI = 0. Here X is the fourth-order extension of operator (A.3)

%4 1 2 3 4
X=x+3%, (n 0y +nP0p + 000 + 00w, (AS)
" =DV - (7@ (n=1,23,4), Di=0+3L, (fo5+f0p+...).
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From (A.3), (A.5) it is not difficult to see that operator X depends linearly on arbitrary functions 1, p1, s,
o1, 0 and their derivatives up to the sixth order. Invariant / does not depend on them. Hence, according
to the theory of invariants of infinite transformation groups!!!, the relation X7 = 0 should be split by these
functions and their derivatives. This gives rise to a homogeneous system of linear first-order PDEs

X(DI=0, ..., Xau(o)HI=0, Xzs(oyHI=0, (A.6)

where every operator X; is a coefficient of certain derivative in X that we label in parentheses. Functionally
independent solutions of system (A.6) provide all independent differential invariants of system (1) up to the
fourth order.

The solution of system (A.6) is found in several steps. First we consider the subsystem of equations
(A.6) with 10 operators
X, (1) =0, Xo6+j(0)) = Opr + 20,0 — piOpy — g3 0,
J J J p/ J J J m}—j
X28+j(0-}/) = am}” + 265];‘/ - pjamj.v - Q3—jal;‘;’ X31(TV1) = —6p{v - aPQV,
qu(ﬂ}”) =0, X33+j(0'}/1) = O, (=12).

In 43-dimensional space of variables (A.4) it has 33 functionally independent solutions

"’

X, ¥, Pj» 4js Uiy mjs Pl @ Uy M, p7, g, U omf L plls g, e, €1, 82, (j=1,2), (A7)
where &, €1, & are defined by (10). In these variables next 10 operators in system (A.6) become

Xi6+j(07") = Op + 20y = pjOr = q3-j(Ony | + Bgpr ) + q0q7
Xi84j(07") = O + 207 = PjOw; + q3-jOpr = Opy = Oy )+ (p3-j = Py,
X (7)) = =0y = Opy = P10y = P20y — 10y — 204y, X21+j(,0§v) =0y +20y,
X23+j(0'§v) = Oy + 2047 (j=12), Xo6(TV) = =0pr — Oy
In the space of variables (A.7) the subsystem of equations (A.6) X17(0{") =0, ..., Xo6(tV)I = 0 has 23

independent solutions. As these solutions we can take x, y, p;, g;, l;, m;, p;., q;., j = 1,2 and B;, vi, &,
i =0,1,2, defined by (8)—(10). In these variables the subsystem of equations (A.6) with 9 operators

X740 = 20p, = P01, = 43-j(Omy_; + 0g_ ) + qj0y,
X94j(07) = 20g, = pjOm; + q3-j(0p, = Op;_ = 01, ) + (P3-j = POy
Xi14j(p7) = 01, + 20y, Xi34j(07)) = O, + 204, (j=1,2), Xie(t") = =0 — ),
has 14 independent solutions
X,y @, B v, & ((=0,12). (A.8)

In variables (A.8) the remainig six operators in system (A.6) take the form

Xo(7') = = 220 Qaida, + 3Bi0p, + 4yi0y, + 5,05,), X3(p1 + p2) = 2(x0x + y8,),

Xa(p1 — p2) = 3(x0x — yOy) + 184, — 204, + P10p, — P2, + 18y, — 120y, + £10,, — €20,

X5(O'1) = yax + Clzaao — 2&'0(90] +ﬂzaﬁo — 2[30(9[;] + )/2(970 - 270671 + 82880 — 280881 , (A9)
X6(0'2) = xay - 01600 + 2(106(,2 —ﬁlaﬁo + 2,300,32 - )/1(970 + 2’)/()872 - 81(980 + 28()(982,

X7(t") = = X2 Qaidp, + 5B:idy, + 9y:ds,).

(1) Operator X7 has invariants x, y, ag, a1, a2, (11) and

€0 = @16, — @2€1 + 5(Bay1 — Bry2), er = aper — a1€o + 3(B1yo — Boyi),
is = (g + 1@2) (2080 + @281 + @181 = 3(2Boyo + Bayi +Bi72)) (A.10)
-3 Q2aoBo + @2f1 + a1B2)(2T0 + Go), G, = agy1 + @10 — 3BoBi-
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Only eight variables (11), (A.10) are independent: By, By, I'g, I'1, I'2, e1, €2, is, another ones are given for
the symmetry. In these variables operators X4, X5, Xg become

Xy = %(x(?x - yay) + (1/1(9‘,] - (1/26&2 - BIBBI + 32632 + ZFIC()FI - 2F26r2
—GlaGI + GzaGZ - 61(961 + 62832,
X5 = yax + azaao - 2(106(,1 + 231330 - 30632 + Gﬁro - 2G2(9r1 - 2G1(9(;0
+2F26G1 + (Go — 4Fo)6G2 + 281830 — 60662,
X(, = xﬁy - 0/1600 + Zaoa(lz - 232(930 + B()a)_z;l - Gzaro + 2G1(9r2 + 262(9(;0
+(4ly — G())(?Gl - 2F1562 - 262660 + 60561.

System X4I = 0, X5I = 0, XgI = 0 has 10 functionally independent solutions

B B B 5 ByBB
i3:—0F0+—1F1+—2F _ 220 2,
@ @ s 4 apai@z
] 2By 4iy 2aig 5B1Byip 51
iy = % (@G, —C¥2G2)+(C¥232—C¥131)(—F0— Go— — ———1),
Qoa1Q7 Qo a1 Qoa1Q7 2 @
i = 2((@2B> — 1 By)eg + (@1 By — 2a0B))e; + (2a0B; — a2 By)e),
22
i7 = 2i3(Boeo + 2Bye; + 2Byes — 5i3By/ap) + —3((01G1 - @,G,)* + 5BiTy)
a
0
15, 4
—131011 1+ §11 + (Z(Cl'oGo - CL’]G])((XQGQ - CL’()GQ) + SB|B2GO),
a1

and jo, j1, o, i1, I2, is defined by (12), (A.10). It is readily verified that 73 coincides with i3 defined by (12)
and relations

5 3 9 15
is = igih — =iyiy, is = lgis — =iy, ig = lpix — —I3l), i7 = lgiy — —ialy, A.ll
4 = lofy = Siiiy s = loiy — 5 6 = loi3 — i3l 7 = loiy = il ( )
hold. In variables jy, ji, io, - ., i7 remaining operators (A.9) take the form

X = —2j06j0 - 5j](9j] - 4i06,‘0 - 10i16,~, - 6i26,‘2 - 9i36,~3 - 15i46i4 - 11i56,~5 - 14i68i6 - 20i7(9i7,
Xz = jodj, + j10},,

and have eight independent invariants (14) and

L=iiy" =it Is=isiy P =i (A.12)

Applying approach of [1] to system (1), we seek the invariant differentiation operator O = fD, from
the relation Xf = f7’. It should be split by 7, p;, pa, 071, 07 and their derivatives, which yields the system
of linear first-order PDEs

X f=0, Xof=f  Xf=0, k=3,...,35 (A.13)

1/4

Therefore, f is a function of variables j; j, 1 iy, ..., i7 and one can take f =1, " as asolution of this

system.

As it is seen from (A.11), invariants (A.12) satisfy the relations Iy = DIy, Is = DI, Iy = DI;,
I; = DI, with the operator D = ial/ 4D,. Three fourth-order invariants Is, I, I7 are obtained by invariant
differentiation of three third-order invariants I», I3, 1. If we further extend operator (A.3) to the n-th order
derivatives of functions pj, g;, [;, mj, j = 1,2, we should split the invariance condition XI1=0 by functions
T, P1, P2, 01, 0 and their derivatives up to (n + 2)-th order. This yields the system of 5(n + 3) linear first-
order PDEs X;I =0, ..., Xs,+15/ = 0. In (8n + 11)-dimensional space of variables ¢, x, y, pi, ..., m(Z") its

solution provides 3n — 4 independent invariants up to n-th order. Similarly, at the next step one can obtain
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3(n + 1) — 4 independent invariants up to (n + 1)-th order. Hence, at every step one obtains three n-th order
invariants. This coincides with the number of invariants, which one can find by invariant differentiation of
three (n — 1)-th order invariants obtained at the previous step. Therefore, invariants (14) form the basis for
a linear system (1) of the first type (with iy # 0).

(2) Operators (A.9) leave invariant ten equations

j0:07 j1=0, i0:0’ i1:07 i2:0’

A.14
iz =0, iy =0, is =0, ic =0, i7 =0, ( )

as well as four systems of equations
@, @1, @y =05 @, @1, @2, Po, P, Bas Yo, Y1, Y2 =05 (A.15)

o, a1, a2, Bo, B, P2 =0; ai, Bi, vi,» & =0, i=0,1,2.

The invariance condition of equations (A.14) and systems (A.15) under remaining operators from system
(A.6) holds identically. Linear systems can be separated into different equivalence classes with respect to
invariant manifolds defined by (A.14), (A.15). For example, if ij is nonzero for a given system (1), then no
change of variables (2) can transform it to a linear system (3) with iy = 0. To find invariants in degenerate
case iy = 0, we use the approach proposed in [10]. Following it we restrict the action of operators in system
(A.6) on the corresponding invariant manifold (iy = 0).

Let ip = 0 and one or more relative invariants «;, i = 0, 1,2 be nonzero. Both @y, a; cannot be equal to
zero, since from a1 = 0, @, = 0, iy = 0 it follows @y = 0. Assume a, # 0, then the relations

a? 2a 61/2 2a
@) = _a_o’ B = —ﬂz - —0,30, Y= (2)72 - a—()?’o - —(00,32 - a,f0)’,
. % @ (A.16)
_ % 2ap 65> 2
&= & - —& + —(C¥0,32 — @mffo)(azyo — aoy2) + 7 — (@oB2 — @2fo)”,
@ @2 L

follow from iy = 0 and (8)—(10). Hence, operators (A.9) act on variables

X, ¥y, @y a2, Po, P2, Yo. Y2, &0, &2,

and we should substitute (A.16) into the corresponding coordinates of operators (A.9). In this space of
variables operator X7 has nine invariants

x, y, ay @, By, I, G, e, Es. (A.17)
In variables (A.17) operators Xy, X5, X¢ become
Xy = 1(x, — y8,) — @204, — Bi9p, — 2T20r, — G1dg, — €18, — 3E20,,
Xs = 0, + @204, + 2120,
X = x0, + Zaao + 20004, + 2—3 10p, +2G10r, + " (204)((1201 — aol2) - B)dg,

2 6B, 2
+ [ﬂel + 26 - 2a0r2)J 0o, + (a0 + o2er — 9B\ T2)0x,.
an a

2

and have six independent invariants
-172 -1 -2 —4 -3 -6
Jo = (xaz — yao)a, 2, Ji =B, Ko=ky?, K =kayt, Ky= khay”, K3 =ka,,

where k3 = BJE, + 2K(B 1k, — 4k; — 2B3T,) and ko, ky, k, are defined by (13). In these variables the
remaining operators (A.9) take the form
1

Xz = —10610 - 3]1(9]] - 4K06K0 - 81(1(91(1 - SKzaKz - 12K36K3, X3 = 5]0(9]0,

119



Yulia Yu. Bagderina/Progress in Applied Mathematics Vol.1 No.1, 2011

and have four independent invariants (15) and I3 = k3a;, 231‘4 when By # 0. It is readily seen that operators
X>, ..., X7 leave invariant the equation B; = 0.

As a solution of system (A.13) one can take f = J1_I/3~ Then with the operator D = aéBBl_]BD, the
relation /3 = DI, hold. Note that in this case n-th order extension of operator (A.3) leads again to the system
of 5(n+3)PDEs X1 =0, ..., Xs5,+15] = 0. In restricted space of 7n+ 11 variables it has 2n — 4 independent
solutions. Hence, at every step one obtains two n-th order invariants of system (1). Invariant differentiation
of two fourth-order invariants /I, I3 provides two fifth-order invariants and so forth. Therefore, invariants
(15) form the basis for a linear system (1) of the second type.

3)Ifip =0, By =0, ap # 0, then we should substitute

g ® g
o =-=,  Bo=—P  Pi=-—p
an (0%) az
2 2
Qq @, [o 1)) @,
Yo = —72 Yi="=72 & = —é&, &1 =——>é&;
a a; @z @,

into the coordinates of operators (A.9). In the space of seven variables x, y, @, @2, B2, ¥2, & they have one
invariant (16) provided I'; # 0. As a solution of system (A.13) we take f = agl“gl/ 2, Extending operator
(A.3) to the higher derivatives one can find relative invariants of the fifth order

o , 1 .
Ao = &) + 5(61281 - q1&2) =96y, Aj=¢€;+ (—1)](5(171 = p2ej—qjeo) —90y; (j=1,2),
of the sixth order
o , 1 .
Ho = Ay + 5(42/11 - qid) — 1469, p;=A;+ (—1)1(5(171 = p2)Ad;—qjlo) — 146g; (j=1,2),

etc. Similarly to relative invariants (8)—(10), Ao, 4; and g, p; are expressible in terms of ag, @z, A7, po. It
is not difficult to see that at every step operators

X2 = —2&06% - 20'2(9(1,2 - 3ﬂ2652 - 4)/2(972 - 582(962 - 6/12(9,12 — 7/126”2 — .,

X3 = %(x@x +y0,), X5 = Y0y + @20,,,

X4 = %(xax - yav) - 0'28012 —ﬁzaﬁz - 72672 - 82662 - /126/12 - ﬂ26y2 R

Xo = X0y + ao@; (@00a, + 20204, + 2B20p, + 2720y, + 2620, + 2020, + 220y, + ...),
X7 = —2@2652 - 5626,/2 - 9’)/2382 - 14826,12 - 20/126#2 - ...

have one n-th order invariant. Namely, fourth-order invariant (16), an invariant I, = a%l"; 2(apdy — 1Ba&r +
8342) of the fifth order, an invariant I3 = a%l"f/ 2(a§y2 — 1022 + Zaryrer + 28636, — 12°8,y2) of
the sixth order, etc. These invariants can be obtained from invariant /;, since they satisfy the relations
L =31+ 3 + DI, I = 21|, + DI, with the operator D = eI, 12 p,. Therefore, invariant (16) forms the
basis for a linear system (1) of the third type.

(4) When iy = 0, By = 0,1 = 0, @y # 0 one can express in terms of @y, @, 8, all other relative
invariants (8)—(10),

Q, Qg [07
v =-—,  Bo=—P  Pi=-—p
an an a;
50 505 5 58 36
= = b = —= = b = = E =z i
Yo 4a§ﬂ2 Y1 ol > Y2 1o i 2a2%

as well as all relative invariants of higher order,

2153 2153
A= —’8—2%, Hi = _ﬂ_é')’i (i=0,1,2),
8 a; 4 @,
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etc. Thus, whatever the extension of operator (A.3) we calculate, operators (A.9) will act on the space
of five variables x, y, ag, @z, B>. In this space of variables operators X4, X5, X¢, X7 have one invariant
Jo = (xan — yap)a, 172 and then operators X5, X3 become X, = —Jod,,, X3 = %JO(') 5, It is readily seen that
system X2/ = 0, X3/ = 0 has only trivial solution / = const and equation Jy = 0 is invariant under operators
X5, ..., X7,

(5) Statement of the theorem concerning systems (1) with ¢y = 0, @; = 0, a, = 0 follows immediately
from results of [4]. This concludes the proof.
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