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GROSS INTEREST-ENVIRONMENT GAMES IN
ECONOMIC MANAGEMENT SCIENCE!

Jiang Dianyu?®

Abstract: In study of traditional economic management game, do not generally
consider the interaction between the player's actions and environment. However, for
some practical problems such as launch some projects with pollution in a certain area,
one have to consider the relation between the player’s interests and the environment.
In this paper, we introduce a so-called gross interest-environment game based on
binary number and n-person non-cooperative game theory. It is studied that utility
function of the game and conditions for Nash equilibria.

Key words: economic management science, gross interest-environment game, Nash
equilibrium.

1. INTRODUCTION

In the traditional economic management game, one does not consider the interaction between the
players’ interests and the environment. The literature [1] is an example with which system economists
are very familiar. The model shows that if a resource has no exclusive ownership, the resource will be
excessively used . This model is of great significance in environmental management science as well.
For example, if fishermen should have unlimited fishing in high seas, the fish would be extinct. On the
earth if enterprises should emit unlimitedly pollutants, the mankind survival environment would be
increasingly worse.

The literatures [3,4] studied the so-called condition games. The literature [5] discussed applications
of condition games to economic management science. The literatures [6,7] considered applications of
them to environmental management science. These applications are be long to sustainable development
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issues in environmental and economic management sciences.

However there are other subjects as well. For example, we consider the case that some enterprises in
a region want to start some projects with pollution. If these enterprises do not consider the interaction
between their interest and the environment that enterprises damage to the environment and the
environment affect interest of the enterprises and other objects that dependent on the environment, then
the game is the traditional one. However, such environment interfere cannot be underestimated for the
players' interests.

Our task will be to consider the environmental issues, a new game system that is gross interest —
environment games. In this paper, we shall first give the model of the games and then study the
conditions for Nash equilibria in them.

2. GROSS INTEREST-ENVIRONMENT GAMES

A system I'=[N;(A);(P)] is called an n-person finite non-cooperative game,
where N ={L, 2,---, n}is the finite set of all players, A is the finite set of player i ’s actions (or pure
strategies), the Cartesian product A = HieN A of A is the set of situations of the game, and the real
value function P.: A— R is the player i s utility function, where P (&,:--a,) is the player i’s
utility under the situation (a, ---a,) .

Asituation (3, -+-a,) € Adis called Nash equilibrium if

R(a--a--a)>PF(a-a,33, a)
for any player i and any action @ € A . A situation (8, ---a,) € Ais called a strict Nash
equilibrium if

Pi(aI'“al

for any player I and any action a eA.

a,)>R(aalaa,-a)

In this paper, set of all Nash equilibria is denoted by NE .

Let I'=[N;(A);(P,)]be an n-person finite non-cooperative game. Every player i has exactly
two actions 1 and 0. When i uses the action 1, he gets the gross interest 0; , and on the other hand, he
destroys the environment which make each j € N of all players get an environmental negative utility

egbl"'b"llb‘*l”'b"), where (b,---b. ,1b. ,---b,) is the corresponding situation. When all players use his
action 0, none of them can get either gross interest or environmental negative utility.

Let B, be the set of binary numbers with the word length N, for example,
B, ={0,1}, B, ={00,01,10,11}, B, ={000,001,010,011,100,101,110,111}.
We introduce the order relations on B as the following: (1) b, '---b,"'<=b " b,

that b'=1= b"=1 - i=L12,-,n ad (2 ) b'b'<b"b" implies that

n

"implies
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b'--b '<=h"-b "and b"--b "#b"-b "

It is obvious that <=is a partial order relation and < a quasi order relation.

Definition 1 An n-person finite non-cooperative game I' =[N;(A);(P)] is called a gross
interest-environment game, if N ={1,2,---,n}, A ={0,1}and

0 _eil(bl.”bn)a bi =1 .
pi(bl...bn):{ _eiO(bl-~-bn)’ bi=0’ i=12,---,n,

where 8" ™) > 0 and the equal sign is holds if and only if b, ---b, =0---0. Where g, is the
player i "gross interest when he uses the action 1, eil(bl"'b") is the player 1 ’s negative utility when he uses
the action 1 under the situation (b, ---b,_,1b  ---b ), ande’™ ™’ is the player is negative utility
when he uses the action 1 under the situation (b,---b, ,0b,,---b,).

Theorem 1 ( monotonicity of environmental negative utility) For a gross interest-environment
game I'=[N;(A);(P)]. let (b,---b,) € A and
@0(bi-by)

0<el ™ :{ ' =0

e;L(blbn)’ bizl,izlyz,---,n.

Then

el ) Z b g hth t=h b ", =121,

g ™) <™ ™) i p b Ty, i =12,++,n, and

el ™) <™ ™) it p b ' <=h b, " =12, 0.

Proof: We prove only the case b, "---b, '#0---0. Thecase b, "---b, '=0---0 is similar.
(1) Leth ---b,'=b"---b " . We have b,"=0if b,'=0. So

gt B — g0y Oty ) _ QOB "0 ) _ g6y

Similarly, we have e®"™) =e®™ ™) if b '=1.
(2) Letb'---b '<b"--b " Letb'=0and b;"=1for some j(1< j<n). For any
I(L<i1<n,i#J),weanalysis the three subcases:

(2.1) b."=1if b.'=1. It shows that the player i is harmed by himself action 1 and the player j ’s
action 1 under the situation (b,"---b,"). However the playeriis not harmed by player j ’s action 1
under the situation (b, "---b, ") . Therefore

(b)) _ glBiby) _ glBby) _ g3 by
e =e <e =e .

(2.2) Let b,"'=0 and b;"=0. Since b; " =1, we have i # . This shows that the player i uses
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the action 0 under the situations (b, "---b. ") and (b, "---b, ) . However he is harmed by the player j ’s
action 1 under first situation and not under the second one. Therefore
ei(bl""bn ) — eio(bll“'bn ) < eio(blu'“bn") — ei(bln"'bn ") .

(2.3)Let b.'=0 and b, " =1. Similarly, we have

(b by) _ g0(Brby) _ glBy™by") _ oby™by)
e =¢ <e =g :

To sum up, we obtain e ™) < g™ j=12... n,
(3) It can be immediately obtained from (1) and (2).

ei(bl‘“b") is called environmental negative utility.

3. CONDITIONS FOR NASH EQUILIBRIA

Theorem 2 (0---0) is Nash equilibrium in the gross interest-environment game
[=[N;(A);(P)] ifandonly if g, <e® 9 j=12....n.

Proof: (0---0) is Nash equilibrium if and only if
0= Pi(O---O---O) > pi(o...010...o) =g, _e_1(0~~°10~~°>,i =1,2,---,n

ifand only if g, <e'® % j=12....n.

Corollary 1 If there exists (b, ---b 10, ,---b ) € A such that g, >e ™ B+ - then
(0---0) is not Nash equilibrium in ' =[N; (A); (P)].

The corollary shows that if a player’s gross interest is greater than his environmental negative utility
in some case, then (0---0) is not stable.

Proof : Note @, > e Pt t) > gll0-010-9) gy thegrem 2, the conclusion is obtained.

Corollary 2 1If (0---0) is Nash equilibrium in the gross interest-environment game
T'=[N;(A);(P)]. then g, <e® st i =12 ... n forany (b,---b b ---b)eA.

The corollary shows that if (O---0) is stable, then for every player who uses his action 1, his gross

interest is not greater than his environmental negative utility. In other words, if there is at least one player
whose gross interest is greater than environmental negative, then there is at least one player does use his
action 1.

Theorem 2’ (0---0) is a strict Nash equilibrium in the gross interest-environment game
I'=[N;(A);(P)] ifandonlyif g, <e®*® i=12-..,n.

Theorem 3 (1.--1) is Nash equilibrium in ' =[N; (A); (P)] if and only if

g > et g0 1o
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Proof: (1---1) is Nash equilibrium in I' =[N; (A); (P)] if and only if

g — 1(1 1) _ P(]_...]_...]_)>P(]_ .0-- 1) 0(1...0...1) , i=1,2,"‘,n

ifand only if g, > €@ —e® % j=12....n
Similarly, we have
Theorem 3’ (1---1) is a strict Nash equilibrium in I'=[N;(A);(P)] if and only if
g, >e® V-0 j=12...n

By theorems 2 and 3, we obtain immediately that

Theorem 4 Both (0---0) and (1:--1) are Nash equilibria in ' =[N; (A ); (P)]if and only if

Examplellet g, =0, =1 e =g = el(lo) e =)™ =e)') =2 Then
1 0 1 0

1 (g 1(11)’ gz 1(11)) (g 1(10) 0(10)) — 1 (_2’ _2) (_1’ _2) .

0 | (-e/.g,-6") (0, 0) } 0 {(—_2, -) (0.0 }

Hence both (00) and (11) are Nash equilibria and
911(11) 0(01) —3-2-1= g, < 2 e1(10) e;(ll) 0(10) —3-2-1= g, < 2_ e1(01)

Theorem 5 If g; < eil(0~~010~~0) —eio(l"'ml”'l), i=12,---,n, then (0---0) is a unique strict Nash

equilibriumin T'=[N; (A); (P)].
Proof: Let
g, <el000-0) _g0i-a0t-d j_q 5
i ) ] ) H

Then g, < el(O 010-0) ' =1,2,---,n. By theorem 2’, (0---0) is a strict Nash equilibrium.
For any by ---b, #0---0, there exist 1<i, <n such that b, =1.1f b =0,1=12,;--,n
#1,, then

|:>iO (b1 . ..bi(rl]biwl . ..bn) =g, - e_l(bl...biofllbioﬂ...bn)

lo

= giO g% <0= io (b1"'bi0710bi0+1"'bn) .

'o

Hence (b, ---b,) is not (strict) Nash equilibrium.

Let i #i, existand b, =1. Since b, ---b, ,0b, ,,---b, <=1---101---1, by theorem 1, we have
that

e.()(bl"'biofIObiOJrl"‘bn) < ep(l...lol...l) ’ e.()(bl"'biofl()bioJrl"‘bn) < eig(l...lol...l) '

lo lo lo

Therefore
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1(0---010---0) _ A0(1+101-1) o QLB B a10ipg-0y)  (O(by-Dyy 1 OBy y---by)
g, < e, —€ < €, o —€ o= .

Hence

Pi0 (bl"'bio—llbi0+1"'bn) _ gio —e.l(blmbiO’llbioﬂ"'bn)

< _eio(bl-.~bi0—10bi0:1--.bn) — Pio (bl . bi(rlobi(]{L . bn) .

This shows that (b, ---b,) is not strict Nash equilibrium, either.
Note: Converse of theorem 5 is false.

Example2Let g, =0, =1 e =g =4 , g =e]® =)™ =" =2 Then

1 0 1 0
1 (g,-e",0,-6") (g,-6",-e)') | =1 |(-3,-3) (-1=2)|.
0 | (-, g,-e'™) (0,0) 0 |[(=2-1) (0,0

Although (00) is a unique strict Nash equilibrium, we have that

100 _e0 g —150=2-2=¢ _ell0

0,=1>0=2-2=¢

Note that el(o...()lo...o) _ eio(l...lol...l) < eil(l...l) _ ei0(1...101...1) , | — 1’ 2' el N . However we have that

Theorem 6 If (0---0) is a unique strict Nash equilibrium in I' =[N; (A ); (P)], then there exist

11-1) _ A0(L-0-1)
i .

1<i<nsuchthat g, <€ e

Proof: Let (0---0) be aunique strict Nash equilibriumin I' =[N; (A); (P)]. Then (1---1) is not.

1(1-1)

0(L-101---1)
i i :

By theorem 4, there exist 1 <1 < nsuchthat g, <e e

Theorem 7 If g, >€]

I'=[N;(A):(R)].
Proof: By the condition of this theorem, we have that

gt gl 1) el < g j=1,2,--,n.

@D j=12,---,n, then (2---1) is a unigue Nash equilibrium in

By theorem 3, (1---1) is Nash equilibrium in the game.

Now we prove the uniqueness. For any b, ---b, #1---1, there exist i,,0<1i, <n such that
b,=0 . Then b---b =Db--b ,0b ,---b <1--1 . By theorem 1, we have that

10 By 1 1by1°+y)
iO

e < ei(l'"l) . As a result,

Pio (b1 . bi0710bi0+l cee bn) — —e.o(bl"'b-o—loblou“'bn) <0

[

1(1-1) L(by by 4 Ibig g -+by)
Sgio_e' Sgio_e' e _Pio(bl'“bio—llbioﬂ'“bn)'

Iy lo

This shows that (b, ---b,) is not Nash equilibrium.
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This theorem shows that every player must use his action 1 if every player’s gross interest is not
smaller than his environmental negative utility when they so do.

Note: Converse of theorem 7 is false.

Example3Let g, =g, =6, =)™ =2 » ¢! =e}® =)™ =)' =1. Then
1 0 1 0

1 [(g,-€,g,-€*) (g,-€*”, )] =1 [0 @-D].

0 | (-&.9,-&) (0,0) 0 [(-LD) (0,0

Although ( 11) is a unique strict Nash equilibrium, we have that g, =2 =¢,""and g, =2 =e;™".

Consider that eil(o"'om'”o) < eil(l'”l) ,1=12,---,n. We have

Theorem 8 If g; < eil(O---Olo---O)

game I'=[N;(A);(P)].

Proof: If (1---1) is a unique Nash equilibrium in the game I"=[N;(A);(P)], then (0---0) is

1(0---010---0)
: .

,1=12,---,n, then (1---1) is not unique Nash equilibrium in the

not Nash equilibrium. By theorem 3, there exist 1 < i < n such that g, =€

This theorem tells us that it is difficult for the case that every player uses his action 1 to be formed if
every player’s gross interest is smaller than his environmental negative utility when only this player uses
his action 1.

Theorem 9 If
1(1--1--10---0) 1(1...%0...]_...0) 0(1...%0...?...0) . .
g, =¢€ . g; <€ —€, ,A=L2,---m, j=m+1---,n,

(1---10---0) is Nash equilibrium of the gross interest-environment game I'=[N; (A ); (P)].

Proof: Since

1(L--1:--10---0)
1 m

1(%:+-1:--10---0) 0(L+-0---10--0) .
>e tm —€ b a|=112)'”)m1

g >e

1(2--10---1---0) 0(L+-10-+-0---0) |
m i _ m ] =
g; <e € , J=m+1---/n,

we have that

0(1--102---10---0) 1(L-112---10---0)
1 m 1 m

P(---101---10---0) = —g, <g -e =P (1---111---10---0),

i i i
1(2--10---1.--0) 0(L+-10---0---0)
L

F)I(]_:I_Oj_O):g—eJ mod <-e
m j )

J

=P(1---10---0---0),
m i
i=12,---,m, j=m+1---,n.

Theorem 9’ If

1(L--1:--10---0) 1(L+-10--+1---0) 0(--10---0---0)
i m m I} —e. m j

gi2 i ’gj< j j li:1’2"”lml j:m+1,"',n,

(2---10---0) is a strict Nash equilibrium of the gross interest-environment game
m
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=[N;(A)(R)].
Theorem 10 It is a certain event that (O---0) is realized if it is Nash equilibrium.

Proof: Let both (1---10---0) and (O---0) are Nash equilibria. By Corollary of theorem 4, we
m

have

1(L:+-1:--10---0)
1 m

P@--1---10---0) =g, —& <0=P(0---0---0---0---0), i =1,2,---,m,

0(L--10---0---0)
moj

P,(1:--10---0---0) = —¢, <0=P(0---0---0---0---0), j=m+1,---,n.
m j m J

Hence (0---0) is better than (1---10---0) for every player. Therefore it is a certain event that
m
(0---0) is realized.
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