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Abstract

Definition of relation equations Q,,°X,,=S,, in the set of
finite natural numbers is given. Based on the discovery of
the maximum solution of relation equations Q,,°X,,=S,.,
in the set of finite natural numbers, the strunk of solutions
of relation equations Q,,°X,,=S,,, in the set of finite natural
numbers is provided.
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INTRODUCTION

N={0,1,2,...} is a set of natural numbers (Hua, 1963;
Chen, 1978). Nn*={0,1,2,...,n*} is a set of finite natural
numbers, among them, »" is an arbitrary natural number
larger than zero. Starting from Jieshengjishi, human
ancestors began to use a set of finite natural numbers.
Since the discovery of the set of natural numbers, the
set of rational numbers, the set of real numbers, the set
of finite natural numbers seem to fade out of sight. The
emergence of computer, and the line of sight of people
back to the set of finite natural numbers. In the computer,
the set {0,1} is the most simple set of finite natural
numbers. In the image processing, the set {0, I, 2,...,
255} is the set of finite natural numbers. The relation
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equation on the set of natural numbers has been discussed
very mature (Hua, 1957), but the relation equation on the
set of finite natural numbers is only mentioned in paper
(Zhang, Dong, & Luo, 2014). One of the reasons is that
conventional operators on the set of natural numbers does
not satisfy closed on the set of finite natural numbers.
But that information processing dependent on the set of
finite natural numbers show the importance of relation
equations on the set of finite natural numbers (Liu, 2003).

In the paper (Zhang, Dong, & Luo, 2014), Addition
and multiplication on elements in the set N,.={0, 1,
2,...,n"} of finite natural numbers is defined as follows:

Definition 1 For given element m € N,. and element
n € N,., multiplication is defined as follows

mxn=min{m, n}=mAn ,. (1)

Definition 2 For given element m € N,. and element

n € N,., addition is defined as follows
m+n=max{m, n}=mV n. 2)

Definition 3 With F(N,.) representative power set in
the set N,.={0, 1, 2,..., n'} of finite natural numbers, for
given set U={u,, u,,..., u,} EF(N,.) and V={ v, v,,...,
v,} €F(N,.), the product set of U and V is defined as
follows

P=UxV={p(uv)lucUyveEV}

among them, 0<u,< u,<...<u,<n" and 0<v,< v,<...
<v,<n.

Definition 4 With F(UxV) representative all product
set on the U and V,for given product set O={q(u,v)ju€U
JEVYEF(UXV),X={x(u,v)luc UyEV} € F(VxW) and
S={s(u,v)lu€ U,y V} € F(UxW), relationship equations
for opertor (V, A )in the set N,.={0, 1, 2,..., n'} of finite
natural numbers is defined as follows

0.n° X =S, A3)

among themSw =[Sy ]z[\vf(qu N )

Definition 5 For given element m € N,. and element
n€N,., operator « is defined as follows
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n m>n

maom = {n* 4)
Definition 6 For given element m € N,. and element
n€N,., operator f is defined as follows
n

mfn = {O 5)

Definition 7 For given product set O={q(u,v)|u €
UveryeFUxV),R={r(uyv)luc UvEV}EF(VxW),
opertoration for opertor (@, A) in the set N,.={0, 1, 2,...,
n'} of finite natural numbers is defined as follows

S=Q@RE F(UxW)

among them S, =[s,.]1=[A(q,, @ )]

m=<n

m=n

m<n

(6)

Definition 8 For given product set O={g(u,v)|u €
UvelyeFUxV),R={r(uyv)lucUyvEV}EF(VxW),
opertoration for opertor (f, V) in the set N,.={0, 1, 2,...,
n'} of finite natural numbers is defined as follows

S=Q&RE F(UXW)

among them S =[s, 1=[v(q, B r.)]-

In the paper (Zhang, Dong, & Luo, 2014), the
maximum solution of the relation equation in the set of
finite natural numbers be given as follows.

Theorem 1. If the relation equation Q,,°X,,=S,, in
the set N,.={0, 1, 2,..., n*} of finite natural numbers has
solutions R,,,then

[0'@s,,] = (g, @5, )NV Bsu)] ()

is the maximum solution of the relation equation
0,°X,,=S,,in the set N,.={0, 1, 2,..., n"} of finite natural
numbers.

In this paper, the strunk of solutions of the relation

(7

Qm.f’[QT@S,,*W*]m [QT& Sx w*]=[qu~v] ° [[/M\(qvu v%‘

=[v(g

*

uv

Qu*vo[QT@Su‘kw*]n[QT&Su*w*] = [\v/(q““’ A

We subdivide proof into two steps:

(a) Forany ueU, if g,
definition 5 we have

(N4, @.5,.)=n (12).

In this case, Formula (10) can be simplified as follows:

Vg, )]1=Is,.,.] (13).

then according to

uw x

* %
uw

0, AL @S, 4 INIQ' &S, F V(G A (V(,, 5, )]

On the one hand, according to Definition 4 and

Vg, AV(G B3, IDISIVE,. - A (

v,W

equation in the set of finite natural numbers will be
discussed.

1. THE STUNK OF SOLUTIONS OF THE
RELATION EQUATIONON IN THE SET OF

FINITE NATURAL NUMBERS

Theorem 2. If the relation equation Q, X, =S,, in the set
N,.={0, 1,2,..., n"} of finite natural numbers has solutions

R .then

[0'@S,,]N[Q"&S,, 1= 4., gvsw)]n[g(qm V/ilsuw)] )

is another solution of the relation equation Q, °X,, =S,
in the set N,.={0, 1, 2,..., n"} of finite natural numbers.

Proof. If the relation equations Q,,°X,,=S,, in the set
N,={0,1,2,..., n*} of finite natural numbers has solutions
R, let ¢",=q,., on the basis of the theorem 1 we know
that relation

w

[QT@SMW] :[{l\(q\/u \%suw)]
is a resolution of relation equations.
(u,v) € UxV, then

For any

0,°10'@S,,]= ..

For given (u”*,w™) € UxW, then
Qu*vo[QT@Suw*]: Su*kw*

This means
[qu*v] ° [/u\(qvu VOM'//,SMW’ )] = [Su*w*] .
That is

[V(q,., ~(n (g, as,; M=[s. .] (10).
We must prove
5, NNV G, 5,0
A(NG,, @5, DA, B3, ]
(MG @5, DAV G B, D] an

According to Formula (13), we know $v, E V satisfies
Formula (14) and Formula (15) as follows.
qu*vo -

m;ax{qu*v} =S .

w

(14)
(15)

According to Formula (12), Formula(11) can be
simplified as follows.

o
u w

(16)
Formula (14) we have

V(G B S ISIVG, 1=,

v,w

On the another hand, according to Definition 4 and Formula (15) we have
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Vg, AV, B, M =lq, Mg, Bs, )]

VoW

2 [qukvo A (q\’oll* ’B*su‘w* )]: [qu*vo A Sll*w’k ] = [SM*W* ]
Vo, W

0-W

and thus Pﬂ_in{su_w, y=5 (19)
[\v/(qu*v A (\u/(qW ﬁ St M= [Su*w* ]~ In the similar way we know that for 1 <; < m, if has

. * v, €YV, satisfies
Because [s,4,+] =S,«wx, for every given (u",w 7 7

*)E€ UxW we have Dy Z S, 20)
Qu*kvo[QT@Su*w*]m[QT&SM*W*]: Su*w*k . ’

(b) For 1<i<n, if has u,€ U, satisfies By definition 3, Formula (17), Formula (19) and

Formula (20), we have

qV”x > Su w* (17)
! AN as .))=8..
By definition 3 we have (u (G v Y ) uw 21
(~(g,, as .))=min{s .} By definition 4, Formula (17), Formula (19) and
u vt UW I<isn — WW 7 -

Formula (20), we have

In this case, Formula (10) can be simplified as follows: > mi
(v(q., fv*suw* )) _maxig,, VﬁW)*S“fW*} > mings, 5

vy, Apints, =0, 1 )

By definitions of operator U and operator U, and by ~ Suxw* (22)

formula (18) we have By Formula (19), (20) , (21) and Formula (22), we can
simplify Formula (11) as follows:

Qu‘kvo[QT@SM‘kw*]n [QT&SM*W*] = [qu'v] ° [[/u\(qvu V%’Suw* )] ﬂ [\u/(qvu ﬂ,suw* )]]

vw

=[v(q,, ~((n(q,, as N~y B3, ]

*  UW
v,w
= [\V/(qu*v As . I=Is,. 0]

Hence for every given (u”,w™) € UxW, we have of the relation equations Q,,°X,, =S,

Qu*k VD[QT@Su* wx ] ﬂ [QT& Su Kwk ]: [Su*w' ]

This conclusion means that[Q'@$S,,]N[Q"&S,,] is a
resolution of the relation equations Q, °X,, =S, CONCLUSION

Inference. If the relation equations Q,,°X,,=S,, have  Because that information processing dependent on the set

w uw

resolutions and for any relation R, satisfies of finite natural numbers shows importance of relation
[0'@S,, N[0 &S, ]J=R,.S[0'@S,,], equations in the set of finite natural numbers. This paper
then the relation R, is a resolution of the relation  provides a method of solving the strunk of solutions of

vw

equations Q,.°X, =S, relation equations in the set of finite natural numbers. In
Proof. Because the relation equations Q,,°X,,=S,, the future, we will discuss other properties of the relation

have resolutions, on the basis of the theorem 1 and the €quations in the set of finite natural numbers.

theorem 2 we know that the relation Q'@S5,,, and the

relation [Q'@S,,]N[O"& S,,] are resolutions of the

relation Equations Q,,°X,,=S,,.At the same time we know
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