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Abstract

In this paper, we suggest and analyze a new resolvent algo-
rithm for finding the common solutions for a generalized
system of relaxed cocoercive mixed variational inequali-
ty problems and fixed point of a nonexpansive mapping in
Hilbert spaces. We also prove the convergence analysis
of the proposed algorithm under some suitable mild con-
ditions. In this respect, our results present a refinement and
improvement of the previously known results.
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INTRODUCTION

Variational inequality has become a rich of inspiration in
pure and applied mathematics. In recent years, classical
variational inequality problems have been extended and
generalized to study a large variety of problems arising
in structural analysis, economics, optimization, operations
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research and engineering sciences. The projection and con-
traction method and its invariant forms represent an impor-
tant tool for finding the approximation solution of various
types of variational inequalities and complementarity prob-
lems.

In recent years variational inequalities have been extend-
ed in various directions using novel and innovative tech-
niques. A useful and important generation of variation-
al inequalities is the general mixed variational inequality
containing a nonlinear term ¢. Due to the presence of
the nonlinear term the projection method and its variant
forms can not be applied to suggest iterative algorithms
for solving mixed variational inequalities. To overcome
these drawbacks, some iterative methods have been sug-
gested for a special cases of the general mixed variational
inequalities. For example, if the nonlinear term is a proper,
convex and lower semicontinuous function, then using the
resolvent operator technique, one usually establishes the
equivalence between the general mixed variational inequal-
ities and the resolvent equations. It turned out that the
resolvent equations are more general and flexible. This ap-
proach has played an important part in developing various
efficient resolvent-type methods for solving general mixed
variational inequalities. The convergence of these methods
requires that the operator is both strongly monotone and
Lipschitz continuous. Secondly, it is very difficult to eval-
uate the resolvent of the operator except for very simple
cases. This fact has motivated many authors to develop
the auxiliary principle technique, Lions and Stampacchi-
al”l, Glowinski et al.['* used this technique to study the
existence of solution for the mixed variational inequalities.
Noor[®~I has extended the auxiliary principle technique to
investigate the existence of a solution of various classes of
variational inequalities and to suggest and analysis several
algorithms for mixed (quasi) variational inequalities. In
recent years, some new and interesting problems, which are
called the system of variational inclusions were introduced
and studied. Chang et al.!*), Huang and Noor!®!, Noor and
Noor !, Noor®, Verma!>-171, He and Gul®, Petro and



Yang et al.['! introduced studied a system of variational
inclusions involving four, three, two different nonlinear
operators.

Inspired and motivated by research going on in this
area, we introduce and consider a system of general mixed
variational inequalities involving nonlinear operators in
Hilbert space. We establish the equivalence between this
system of general variational inequalities and the fixed
point problem and then by this equivalent formulation, we
suggest and analyze a new iterative algorithm for finding
a solution of the aforementioned system by using the re-
solvent operator technique. We also prove the convergence
analysis of the proposed algorithm under some suitable mild
conditions. Since this class of systems includes the system
of variational inequalities involving three, two operators
and the classical variational inequalities as special cases,
results obtained in this paper continue to hold for these
problems. It is expected that these results may inspire and
motivate others to find novel and innovative applications in
various branches of pure and applied sciences.

1. PRELIMINARIES

Let H be a real Hilbert space, whose inner product and
norm are denoted by (-,-) and | - ||, let I be the identity
mapping on H, and d¢ denotes the subdifferential of
function @, where @ : H — RU {40} is a proper convex
lower semi continuous function on H. It is well known
that the subdifferential d ¢ is a maximal monotone operator.
For given nonlinear operators 7; : H x H — H and g; :
H — H(i=1,2), we consider the system of general mixed
variational inequalities of finding (x*,y*) € H x H such that

Y x) +g1(x") —g1(v7), 81(x) — g1 (x"))
+¢(g1(x)) —@(g1(x")) = 0;¥x € H and p >0,
(MTa(x",y") +82(y") — 82(x"), g2(x) — £2(3"))
+0(g2(x)) —0(g2(y*)) > 0;Vx € H and 1 > 0.
1.1)
In this paper, we denote the solution set of the problem (1.1)
by Q*. We now discuss several special cases of the problem
(1.1).
Ifn
reduces of finding (x*

(PTi(y*,x

=T, =T and g| = g» = I, then the problem (1.1)
¥*) € H x H such that

(PT(y",x") +x" —y",.x —x") + @(x) — 9(x") = 0;
Vx € H and p > 0,
(MT(x*,y") +y" —x",x=y") + 0(x) — 9(y*) = 0;
Vxe€ Hand n > 0.
(1.2)

which has been considered and studied by He and Gu (51
and Petrot!2].

If K is closed convex set in H and ¢(v) = Ix(v) for all
v € H, where I is the indicator function of K defined by

ifveKk;

0,
Ix(v) { +oo,  otherwise
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and T;(x,y) = T;(x),g1 = g2 = g, then the problem (1.1)
reduces to finding (x*,y*) € K x K such that

(PT1(y") +8(x") —g(y*),8(x) —g(x")) = 0;
Vx e H,g(x) € Kand p >0, (13)
(MTa(x") +8(y") —g(x"),8(x) —g(¥")) =0 *

Vx € H,g(x) € Kand n >0,

which has been introduced and studied by Yang et al. 1],
If K is closed convex setin H and @(v) =Ig(v) forallve H,
and g; = g» =1, then the problem (1.1) reduces of finding
(x*,y*) € K x K such that

(P (y*,x*)+x" —y* ,x—x*) >0;VxeKand p >0,
{ (NG (x*,y)+y " —x*x—y*) >0;VxeKand 1 >0,
(1.4)
which has been considered and studied by Huang and
Noor 6,
If 1 =T, =T, then the problem (1.4) reduces of finding
(x*,y") € K x K such that

(PT(y*,x*)+x* —y" . x—x*) >0;¥xc Kand p >0,
{ (MT(x*,y*)+y* —x*x—y")y >0;¥xeKand 1 >0,
(1.5)
The system (1.5) has been studied and investigated by
Chang et al.!'*! and Verma!'¢],
If 1 =T, =T, and g = I, then the problem (1.3) reduces of
finding (x*,y*) € K x K such that

(pT(y*)+x* —y* ,x—x*) > 0;¥x € K and p > 0,
(NT(x*)+y* —x*,x—y*) >0;¥Vx € Kand n > 0,
(1.6)
which has been introduced and studied by Vermal!>!71,
If x* = y*, then the problem (1.3) collapses to finding x* €
K. such that

(T(x"),x—

Inequality of type (1.7) is called variational inequality,
which was introduced and studied by Stampacchial!’! in
1964. The system of general mixed variational inequalities
(1.1) includes several classes of variational inequalities and
related optimization problems as special cases.

We now recall some well-known results and concepts,
which are needed.
Definition 1.1 (See [3]) For any maximal operator T,
the resolvent operator associated with 7', for any v > 0, is
defined as

x*) >0, VxeK. (1.7)

(I+vT) Yu), Vue H. (1.8)

Ty (u) =

Lemma 1.1 (See [3]) For a given w € H and v > 0, the
inequality
(w—2z,2—=v)+vo(v)—ve(z) >0, VWweH.

holds if and only if z = Jg(w), where Jg =
the resolvent operator.
It follows from Lemma 1.1 that

(w—=Jp(w),Jp(w) =v) +ve(v)

=(I+vde)lis

—vo(Jg(w)) >0, Vv,weH.
(1.9)
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It is well-known that ]5 is nonexpansive i.e.,

1 () =JoW)I < flu=v],  Vu,veH.
Definition 1.2 A mapping i : H — H is called

(a) r-strongly monotone if, there exists a constant r > 0
such that

(h(x) = h(y),x=y) > rllx—y|?,Vx,y € H;

(b) (&,g)-relaxed cocoercive if, there exist constants
&,¢ > 0 such that

(h(x) = h(y),x=y) = =& ||h(x) = h()|* + g llx =y
Vx,y € H.

(c) 7y-Lipschitz continuous if, there exists a constant ¥ > 0
such that

[[A(x) =R < Vx|, Vx,y € H.

Definition 1.3 Let 7 : H x H — H. Then T is called

(a) r-strongly monotone in the first variable if there exists
a constant » > 0 such that for each x;,x; € H,

(T(x1,y1) — T (x2,32), %1 —x2) > rl|x; —x2*
Yy1,y2 € H;

(b) relaxed (&, ¢)-cocoercive in the first variable if there
exist constants &, ¢ > 0 such that for each x;,x, € H,

(T (x1,y1) = T (x2,y2),%1 — X2)

> =& T(x1,y) = T2, y)|* +¢llx —xl?,
v.))17.)}2 S H’

(c) y-Lipschitz continuous in the first variable if there
exists a constant 7 > 0 such that for each x;,x, € H,

1T (x1,01) =T (x2,y2) || < Vllxr —x2|, ¥y1,y2 € H.

Definition 1.4 A mapping S : H — H is said to be
nonexpansive if

[15() = SO < llx =l Y,y € H.

We will denote by F(S) the set of fixed points of S, that is,
F(S)={x€eH:Sx)=x}.

Lemma 1.2 (see!'® Lemma 4, p. 729) Suppose {5,}% is
anon-negative sequence satisfying the following inequality:

61 <(1-A,)0,+0, forall n>0,

with 4, € [0,1],£7 (A, = oo, and 0, = o(A,). Then
lim,, .0 6, = 0.
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2. THE PROPOSED METHOD

In this section, we first verify the equivalence between
the variational inequality system (1.1) and the fixed point
problems. Then by using the obtained fixed point formula-
tion, we construct a new iterative algorithm for solving the
system (1.1).

Lemma 2.1 Let H be a real Hilbert space, for given
nonlinear operators 7; : H x H — H,

g :H — H(i=1,2) and p,n > 0. Then the point
(x*,y*) € H x H is a solution of the variational inequality
system (1.1) if and only if

{ g1(x*) = Jplg1(v*) — pT1(y*,x")]
8200") = Jplg2(x") = NTa(x",y")].

@2.1)

Proof. The first variational inequality of (1.1) can be
written as follows:

(&107) =pTi(y*,x") — g1(x"), 81(x*) —g1(x))
+¢(g1(x)) — @(g1(x")) > 0;Vx € H and p >0,

We can deduce from Lemma 1.1 with v =1 that the
above inequality is equivalent to

81(x") = Jole1(y") —=pTi(y",x")],

where J, = (14 d@)~! is the resolvent operator.
Similar, the second variational inequality of (1.1) is equiva-
lent to

82(5") = Jplg2(x") =2 (x",y7)]. O
By rewriting (2.1), we have

{ X =x"—g1(x") +Jple1 () —pTi (", x¥)]

y* :y* _gz(y*) +Jq>[gz(x*) _ nTz(x*,y*)]. (2.2)

(2.2) enables us to construct the following algorithm:
Algorithm 2.1 Let7;,: HxH —H, g;:H — H(i =
1,2) be nonlinear operators, S : H —» H be nonexpansive
mapping and p, > 0 are two constants. For arbitrary
chosen initial points x°,y° € H, compute the iterative
sequences {x*} and {y*} by using

Y= (1= B+ BeS{y* —g209)
+Jplg2 () =Ty}

= (1 — (Xk)karOtkS{xk 7g1(xk)
+Jole1(F) = pTi (% )]},

(2.3)

where J, = (I + d¢)~! is the resolvent operator and
{og},{ B} are sequences in [0, 1].
Remark 2.1

o If 1 =T, =T and g; = g = I, then Algorithm
2.1 reduces to Algorithm I!'?! and Algorithm 2.1
inl5l(with § = 1.

o If T1(x,y) = Th(x,y) =T(x), g1 = g2 =1, and ¢ is an
indicator function of a closed convex set K in H, then
Jo = P, the projection of H onto K and consequently
Algorithm 2.1 collapses to Algorithm 2.1 in[*17],
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e If K is closed convex set in H and ¢(v) = Ix(v) for Since Tj is relaxed (x,0;)-cocoercive and %;-Lipschitz
all v € H, where Ix is the indicator function of K, continuous in the first variable, we can conclude that
g1 = g2 =1 and B = 1, then Algorithm 2.1 reduces
to Algorithm 2.1 in!¢. N . %
Iy —=y" = (T (F ) = T (")) |1?
—_ 1,k %112 k k ] k *
We now establish the strongly convergence of the sequences =1 =y 17 =2p (0 (07 x) =T xT) =)
generated by Algorithm 2.1. + 02| L (%, ) — T (v )|
I’l;heore;_rll 5.1 Lelt HC‘:)fZ a rga;l Hilbert .space.dLetL?} : I;]Itx < =y P+ 20k | T 5, 25) — Ty (67 ) |2
— e a relaxed (k;, 6;)-cocoercive and 7;-Lipschitz © w2 2 k . w1
continuous in the first variable and g; : H — H be a = 2061y =" P+ P13 (616 = T ()|
(&, vi)-relaxed cocoercive and &-Lipschitz continuous. Let < (1—2p6; + (2pk; + pz)ylz) Iy =y,
S : H — H be nonexpansive mapping. If the following
conditions are satisfied:

2.5)

From (&, v|)-relaxed cocoercive and &;-Lipschitz continu-
. - ous, we have
(1) {ox} C[0,1] and Y7y 0 = oo;

I =y = (&10") —g10™) 12

(i) {Bx} C[0,1] and limy_, B = 1; . . y
thi clo.] o <[y = y* 12 —2(g15%) — g1 () —y*)

ky * (12
(iii) Ag+Ag < Tand 2EAL <1 Az where +k”g1<fz s107)l . o o
<=y 117+ 2811181 (67) = g1 ()" = 2willy* =7
+g10%) — 1M1
Ap = \/1 —206; + (2pk; + p2)¥? i
<((1=2vi)+(1+280)87) [y —*|1>.
Ay = \/1—2n02+(2n1<2+n2)y22; (2.6)
and In a similar way, one can show that
Asi=\[(1-20) + (1428087 o =2 = (g1 () — g1 () < Asllt =2 @)

Asi= 1/ (1=2v2) + (1 +262)83.

where Az := \/(1 —2v1) +(1+2&)82.

Substituting (2.5), (2.6) and (2.7) in (2.4), we get
If Q*NF(S) # 0 then x* and y* obtained from Algorithm
2.1 converge strongly to x* and y*, respectively, such that

(x*,y*) € Q*, and {x*,y*} C F(S). [l — x|
Proof. It follows from (2.3) that <(1—oy(1 —A3))ka — x|+ o (As +A1)||yk -y
(2.8)
I |
=[[(1 — o) + o S{* — g1 (F) + Ty g1 (5F) It follows from (2.3) that
—pTi (¥ )]} = (1= og)x*
+ouS{x" —g1(x*) +Jplg1(0°) =TI (" x") ]} Iy =
<(1 = o) [ = x| + o [ — g1 () =[[(1 = B+ BeS Y — 220%) + Jp[2(+)
+Jple1 (F) = pTi (5, 4] — D]} = (1= By = BeS{y — 8207)
—{x —a1(x") +Jp[e1 (V) —pTi (6, X1l +Jog2(x") = T2 (x",y")]}|
(1= o) [ =" + o] = = [g1 (&) — g1 ()] (1= B =y [+ Belly* — £205) + Jo[2 (")
+ o[ o1 (%) = pTi (1)) — ()] = ' — 8207
—Jola1(v*) —pTi (y",x")]|| +Jplg2(x") =T (x",y") ]}
<(1 = o) [ =" + o] = — [g1 (&) — g1 ()] (1= B =y I+ Belly* =y = [820%) — £20)]
oy =y =g (") —a1 6]l + Bell = x* = [g2 (&) — g2 (x)]]|
+ o[y =y = p(T(OF ) =T (). + Bl = = (D)) = ()]
(2.4) (2.9)

17 Copyright © Canadian Research & Development Center of Sciences and Cultures
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Since T» is relaxed (k»,0;)-cocoercive and 7»-Lipschitz
continuous in the first variable, we can conclude that

[ =2 = (D) = B y) 1P

= [l — x> =2 (T (o)) = Ta(a, y") o —x7)
+ 2T () = (o)) 1P

<[ =¥ |7 + 20| () = T (x5 1P
=206l —x* |7 + 0| () = T (", )P

<(1-2n6:+ (2N +nH)n) I —x*|1%.

(2.10)
Like in the proof (2.6), we can prove that
Iy =y = (20") =20l < Aally* =y*Il - @.11)
and
[l =2 = (g2 () = g2(x))I| < Aallx* =2, (2.12)

where A4 := \/(1 —2v) +(1+2&)83.
Substituting (2.10), (2.11) and (2.12) in (2.9), we get
Iy =yl < (1= B IF* =7
+ Br(A2 + A) [ — x| + Brally* = y*|-

Since A4 < 1, it is easy to prove that A4 < 1. By simple
manipulation, we obtain

(1— B (1 - (A2 +A4)))

ko x < )d(_x* +
It =l < R e x|
1- * *
Lt AT
It follows from (2.8) and (2.13) that
[ — x|
<(1— a1 = Ag)) [ — x|
o (A +Ap) (1 — 1—(A2+A N
+ k( 3 l)( ﬁk( ( 2 4)))ka_x ”
1— By
oy (1 — Az +A
+ k( ﬁk)( 3 I)HX**y*H
1= Bl
(2.14)
and
||xk+l_x*||

< {1 — oy (1/\3 (As+Ay)(1 l_ﬁkﬁgj\4 (A2 +A4)))
o (1 —B) (A3 +Aq)

)

k * * *
R R v vemn L
(2.15)
Put
8= [l ',
(A3+A1)(1—ﬁk(l—(/\2+/\4)))>
A = 1 —Az—
k O€k< 3 1= Biis
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and
o (1= Br)(As +Ar)

1 —BiAs

From (iii) we have A; € (0,1) for all k € N. Meanwhile,
the condition (ii) implies that 6; = o(A;); moreover, by
using the condition (iii), it is easy to see that A; >

(078 (1 — A3 — f_‘éﬁl) for all k € N and so, from the con-

dition (iii), we obtain X;° ;A = oo. Hence all the conditions
in Lemma 1.2 are satisfied and so limy_,.. ||x* — x*|| = 0,
i.e., limy_,..x* = x*. Consequently, by the condition (ii) and
(2.13), we obtain limy_,., y* = y*. This completes the proof.
O
If K is closed convex set in H and ¢(v) = Ix(v) for all
v € H, where I is the indicator function of K, then J, = Px
the projection of H onto K. Consequently, the following
result can be obtain from Theorem 2.1 immediately.
Theorem 2.2 Let H be a real Hilbert space, K be a
nonempty closed convex subsetof H. Let T; : K x K — K
be a relaxed (k;, 6;)-cocoercive and ¥-Lipschitz continuous
in the first variable and g; : K — K be a (&;, v;)-relaxed
cocoercive and J;-Lipschitz continuous. Let S : K — K be
nonexpansive mapping. For arbitrary chosen initial points
1,30 € K, compute the iterative sequences {x*} and {y*}
by using

¥ = (1= Bo)x* + BeS{y* — g2(%)
+Px[g2(x*) = T (+F,)0)]}

Xkl = (1 — (xk)xk + OtkS{xk — g1 (Xk)
+Px[g1 (%) =T (5F, 4]},

Oy =

[l =y

(2.16)

If the following conditions are satisfied:
(i) {ox} C[0,1] and Y7 0 = oo;
(i) {B¢} € [0,1] and limy_, By = 1;

Asz+Aq

(iif) Az + A4 < 1and PR

< 1 — A3 where

Ap = \/1 —2p6; + (2pky + p2) ¥}

Ay = \/1 —21n16,+ (2nK2+n2)Y22,

and

As = J(1—2w0) + (14287

As =/ (1-2v2) + (1426283

If Q*NF(S) # 0 then x* and y* obtained from Algorithm
2.1 converge strongly to x* and y*, respectively, such that
(x*,y*) € Q*, and {x*,y*} C F(S).

Remark 2.2 Theorem 2.2 extends and improves the main
result of [4].

Remark 2.3 It is clear from Definition 1.3 that g-strongly
monotone mappings are relaxed (&, ¢)-cocoercive, but the
converse is not true. This shows that relaxed cocoercivity
is a weaker condition than strongly monotonicity. The
underlying operator Ti(i = 1,2) in our paper needs to be



relaxed (&, g)-cocoercive while the underlying operator T
in [17] needs to be ¢-strongly monotone. Hence, Theorem

2.1 extends and improves the main results of Theorem 3.1
of [17].

CONCLUSIONS

In this paper, we suggest and analyze a new method for a
system of general mixed variational inequalities involving
nonlinear operators in Hilbert space, which can be viewed
as a refinement and improvement of some existing resolvent
methods and projection descent methods. It is easy to
verify that Algorithm 2.1 include some existing methods
(e.g. [2,4-6,12,16,19]) as special cases. Therefore, the new
algorithm is expected to be widely applicable.
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